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Abstract

In this dissertation, computational methods based on convex optimization, for the analysis
of systems described by partial differential equations (PDEs), are proposed.

Firstly, motivated by the integral inequalities encountered in the Lyapunov stability
analysis of PDEs, a method based on sum-of-squares (SOS) programming is proposed to
verify integral inequalities with polynomial integrands. This method parallels the schemes
based on linear matrix inequalities (LMIs) for the analysis of linear systems and approaches
based on SOS programming for the analysis of polynomial nonlinear systems.

Secondly, dissipation inequalities for input-state/output analysis of PDE systems are
formulated. Similar to the case of systems described by ordinary differential equations
(ODEy), it is demonstrated that the dissipation inequalities can be used to check input-
state/output properties, such as passivity, reachability, induced norms, and input-to-state
stability (ISS). Furthermore, it is shown that the proposed input-state/output analysis method
based on dissipation inequalities allows one to infer properties of interconnected PDE-PDE
or PDE-ODE systems. In this regard, interconnections at the boundaries and interconnec-
tions over the domain are considered. It is also shown that an appropriate choice of the stor-
age functional structure casts the dissipation inequalities into integral inequalities, which
can be checked via convex optimization.

Thirdly, a method is proposed for safety verification of PDE systems. That is, the prob-
lem of checking whether all the solutions of a PDE, starting from a given set of initial

conditions, do not enter some undesired or unsafe set. The method hinges on an extension

v



of barrier certificates to infinite-dimensional systems. To this end, a functional of the states
of the PDE called the barrier functional is introduced. If this functional satisfies two in-
equalities along the solutions of the PDE, then the safety of the solutions is verified. If the
barrier functional takes the form of an integral functional, the inequalities convert to inte-
gral inequalities that can be checked using convex optimization in the case of polynomial
data. Furthermore, the proposed safety verification method is used for bounding output
functionals of PDEs.

Finally, the tools developed in this dissertation are applied to study the stability and
input-output analysis problems of fluid flows. In particular, incompressible viscous flows
with constant perturbations in one of the coordinates are studied. The stability and input-
output analysis is based on Lyapunov and dissipativity theories, respectively, and subsumes
exponential stability, energy amplification, worst case input amplification and ISS. To the
author’s knowledge, this is the first time that ISS of flow models is being studied. It is
shown that an appropriate choice of the Lyapunov/storage functional leads to integral in-
equalities with quadratic integrands. For polynomial base flows and polynomial data on
flow geometry, the integral inequalities can be solved using convex optimization. This
analysis includes both channel flows and pipe flows. For illustration, the proposed method
is used for input-output analysis of several flows, including Taylor-Couette flow, plane
Couette flow, plane Poiseuille flow and (pipe) Hagen-Poiseuille flow.

We conclude this dissertation with a summary and an account for future research direc-

tions.
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Chapter 1

Introduction

The need for accurate models to study complex dynamical systems [20, 21} [130, 25] has
driven research efforts towards PDE systems - equations involving derivatives with respect
to more than one independent variable. Many, seemingly distinct, physical phenomena run-
ning the gamut of electrostatics to quantum mechanics can be mathematically formalized
by PDEs. The PDEs involve rates of change of (spatially) continuous variables; whereas,
the ODE:s involve (spatially) discrete variablesﬂ For instance, the configuration of a fluid
is given by a continuous distribution of several variables, while the position of a rigid body
is described by six numbers. Alternatively, we can say that the dynamics of the fluid take
place in an infinite-dimensional space; whereas, the dynamics of a rigid body occur in a
finite-dimensional space.

One example of a system that is best described by a PDE is the Tokamak plasma (see
Figure[I.1). In [137], control-oriented PDE models for the physical variables in the Toka-
mak plasma were proposed. One such variable is the poloidal flux ¢(R, Z) of the magnetic
field B(R, Z). The flux passes through a disc centered on the toroidal axis at height Z and

with a surface S = wR?, where R is the large plasma radius as depicted in Figure The

"We call a variable continuous in an interval, if it can accept two particular real values such that it can
also accept all real values between them (even values that are arbitrarily close together). On the other hand,
if the variable can take on a value such that there is a non-infinitesimal gap on each side of it containing no
values that the variable can take on, then it is discrete around that value.
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Figure 1.1: Installation work inside the plasma vessel of the Tokamak reactor at [IPP Max-
Planck Institut for Plasmaphysik. The transformer coil is situated behind the column. The
plasma vessel is surrounded by the main and the vertical-field coils (http://www.ipp.
mpg.de/16208/einfuehrung).

flux per radians is defined as

W(R, Z) = %/SB(R, Z)-dS.

Let p = (2¢/ By,)"/? be the toroidal flux coefficient indexing the magnetic surfaces, where
¢(t, p) is the toroidal flux per radians and By, (¢) is the central magnetic field. The dynamics

of the poloidal flux are described by the linear parabolic PDE

M(t,p) (L, p)
TR D(t7p)a—p2 +G(t,p)

N(t, p)

o +S(t, p),

where D(t, p) and G(t, p) are transport coefficients, and S(t, p) is the source term.
Another interesting PDE pertains to the turbulence phenomena in chemistry and com-
bustion [119, Chapter III, Section 4.1]. The Kuramoto-Sivashinsky equation is a nonlinear

PDE that models reaction-diffusion systems and can be used to describe pattern formation
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Figure 1.2: Diagram of the Tokamak system.

phenomena in the presence of turbulence and chaos. For an experimental setup, consider a
combustor consisting of two concentric cylinders with a narrow gap filled with combustible
gas as illustrated in Figure[I.3] The flame front develops wrinkles that are described by the

Kuramoto-Sivashinsky equation

ou(t,z)  d'wu(t,x) O*u(t, ) Ju(t, x)
ot o9zt M ox? —ult) or '

t>0, z€(0,1),

where 1 > 0 is called the anti-diffusion parameter.

The infinite dimensional nature of PDE models, such as the two examples above, make
them challenging to study both analytically and numerically. Conventional numerical ap-
proaches to study PDEs rely on spectral or spatial discretization and use tools developed for
ODEs [42, 32]. Computational methods which do not require finite-dimensional approx-
imations are needed to mitigate the conservatism in the system analysis using numerical
approaches.

In the forthcoming sections, we outline some of the interesting analysis problems for
PDEs and review the literature on each of them. We also explain briefly how the latter

analysis problems are addressed in this dissertation.



Figure 1.3: Experimental setup for the Kuramoto-Sivashinsky equation. (top) Gas tur-
bine model combustor for swirled methane flames (http://www.dlr.de/vt/en/
desktopdefault.aspx/tabid-3080/4657_read-15212) (bottom) A pro-
totype of the combustor (http://www.osakagas.co.jp/rd/sheet/126e.
html).
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1.1 Stability Analysis of PDEs

The study of properties of solutions to PDEs, such as stability, parallels the study of ODEs
in several aspects. As for ODEs, conditions for stability of the zero solution can be specified
via spectral analysis when the PDE system is defined by a linear operator. Moreover, it is
possible to infer stability from the semi-group generated by the linear or nonlinear operators
which is analogous to the ODE approach of computing solutions to establish stability [26].

Similar to ODEs, another approach to stability analysis is through Lyapunov’s second
method. Early results on the extension of Lyapunov’s second method to PDEs included the
stability problem of elastic systems [[75]. Although [75] studied the stability of an elastic
beam, the formulation provided was general. Also, in [83], a construction method for
Lyapunov functionals applied to linear PDE systems was proposed. Lyapunov theorems for
PDE systems were obtained in [131] and [49], as well. For linear PDE systems, following
in the footsteps of [28] associated with strongly continuous semi-groups, in [26, Theorem
5.1.3, p. 217], a Lyapunov equation is formulated which, if solved, ensures the exponential
stability of the semi-group (see Theorem and the subsequent discussions). This
Lyapunov equation is in terms of operators, and is a reminiscent of the one for linear ODE

systems. To illustrate, consider the abstract Cauchy problem

¢(t) = (1), €(0) = e Z, (L.1)

Let o7 be the infinitestimal generatorﬂ of the C%-semigroup 7T'(¢) on a Hilbert space Z, e.g.
a linear differential operator. Then, 7'(¢) is exponentially stable if and only if there exists a

bounded positive linear operator & : Z — Z such that the following Lyapunov equation

’The infinitesimal generator .7 of a strongly continuous semigroup 7" is defined by

T _
(= lim 7@% C7
t—0+ t
whenever the limit exists. The domain of &/, Dom(<7), is the set of ( € Z for which this limit exists;

Dom/(4) is a linear subspace and .¢7 is linear on this domain.



1s satisfied

(A, PCz +(PCAC)z=—((0)z (1.2)

forall ¢ € Dom(</), which is a linear operator equation. Indeed, the left-hand side of (1.2))

can be derived by calculating the time derivative of the following Lyapunov functional

V(Q) = {(ZT{)C,T)() 7 - (1.3)

Solving can be cumbersome in the infinite-dimensional linear PDE case. In order
to tackle this drawback, in [26], the authors use a high-dimensional ODE approximation
instead of the (infinite-dimensional) linear PDE. Then, (I.2) reduces to a linear matrix
equation in high dimensions. Despite attempts to overcome the difficulty in solving the
resultant high dimensional matrix equations [76], solving these matrix equations remains
burdensome.

In the case of nonlinear PDEs, however, a priori choices for Lyapunov functionals for
a particular PDE system are difficult to find and are often too conservative. For example,
the energy of the state (which is a norm defined on a function space in the case of PDEs)
is a frequent choice, since it simplifies the analysis of a large set of nonlinear PDE sys-
tems, especially, when the nonlinearities are energy-preserving, e.g. convection [[116]. Let
us illustrate the steps followed for the stability analysis of a nonlinear PDE through an

example.

Example 1.1.1 Let u = u(t,x) where t > 0 and x € (0, 1). Consider Burgers’ equation

ou 0%u ou

5 a2 Yo u(t,0) = u(t,1) =0, (1.4)

and the energy as a candidate Lyapunov functional:

1
E(u)zlf u? dz. (1.5)
0



The time derivative of E(u) along the trajectories of (1.4) is

dE(u) b ou 0% ou
_ T dr = — —u— dz. 1.6
dt Az%% v Aq‘aﬁ Yor) (1.6)
Applying integration by parts, we obtain
dE(u) Lrou\? ou\ 1 5,
= — — ] d — ) om0 — U7 | 1.7
dt /0 (a:::) v \U5g ) =0~ 5t =0 (1.7

and since u(t,0) = u(t,1) = 0, this results in

dE(u) Lrou\?
) __ /O (a_w) iz, (1.8)

Notice that the convection term uu,, (energy preserving nonlinearity) in (1.4) was integrated

to zero thanks to the boundary conditions. In order to demonstrate exponential stability

2
of (I4), one needs to relate fol (%4)" da to fol u? dz, so as to relate dET(tu) to E(u).

This is done by employing the following inequality (known as the Poincaré inequality) on

Q2 = (0, 1) with Dirichlet boundary conditions u(t,0) = u(t,1) = 0

1 1 2
/ﬁmg% (%)m. (1.9)
0 0

Combining (1.8) and (1.9), we get

dE(u)
dt

1
< —7r2/ u? dr = —27°E(u) (1.10)
0

—2m2t

which proves the exponential decay for E(u(t,x)), since E(u(t,z)) < E(u(0,x))e

Note that the key tool in the above calculations was integration-by-parts. Use (or knowl-
edge) of inequalities relating variables and their spatial derivatives in the domain such as
Wirtinger [108]], Poincaré and the Sobolev Embedding Theorem [33, Sec 5.6] was also

required.



Analytical Lyapunov stability analysis of PDE systems becomes more involved for sys-
tems of several dependent variables, different nonlinearities (e.g., cubic terms) and for
systems with spatially varying properties (inhomogeneous PDEs). For such systems, the
energy functional may lead to poor stability bounds.

One alternative class of Lyapunov functional candidates for PDE systems is the weighted
‘H-norms (Sobolev norms). These functionals yield Lyapunov conditions requiring the
verification of integral inequalities. In this context, computing the Lyapunov functionals

requires the solution of integral inequalities [116].

1.1.1 Contribution

In Chapter [3) we present a method to verify integral inequalities with integrands that are
polynomials in the dependent variables. The polynomial structure allows for a quadratic-
like representation of the integrand and we formulate conditions for the positivity of in-
tegral expressions in terms of differential matrix inequalities. For the case of integrands
that are polynomial in the independent variables as well, the differential matrix inequal-
ity formulated by the proposed method becomes a polynomial matrix inequality. We then
exploit the SDP formulation [84] of optimization problems with linear objective functions
and polynomial constraints [24] to obtain a numerical solution to the integral inequalities.
Several analysis and feedback design problems have been studied using polynomial opti-
mization, to name but a few, the stability of time-delay systems [86l], synthesis of control
laws [129, 94], applied to optimal controller design [66] and system analysis [48]. In the
context of PDEs, [80] laid the first bricks, where the stability analysis of linear parabolic
PDEs was formulated as an SOS program.

The proposed method to solve integral inequalities is then applied to study the stability
of PDE systems using the weighted Sobolev norms as the Lyapunov functional candidate.
A preliminary version of the contributions described in Chapter [3|was presented in the 2014

53rd IEEE Conference on Decision and Control [[126]. The extended version of the results



was published in [[128]].

1.2 Dissipation Inequalities for Input-Output Analysis of PDEs

1.2.1 Literature Review

A powerful tool in the study of robustness and input-state/output properties of dynami-
cal systems is dissipation inequalities [135,51]]. A dissipation inequality relates a storage
function/functional, which characterizes the internal energy in the system, and a supply
rate, which represents a generalized power supply function. Given a supply rate, the so-
lution to the dissipation inequality is a storage function/functional, which, according to
the supply rate, can certify different system properties such as passivity, induced £2-norm
boundedness, reachability, and ISS. One major advantage of dissipation inequalities is that,
in the case of systems consisting of an interconnection of subsystems, once some property
of the subsystems is known in terms of dissipation inequalities, we can infer properties of
the overall system [102].

For linear systems described by ODEs, quadratic storage functions of states are known
to be both necessary and sufficient solutions to dissipation inequalities with quadratic sup-
ply rates [[124]. For example, the Kalman-Yakubovic-Popov lemma [[60] presents necessary
and sufficient conditions to construct quadratic storage functions certifying the dissipa-
tion inequality for passivity of linear ODE systems. These conditions are given in terms
of quadratic expressions, which can be checked computationally via LMIs [18, Chapter
2]. For ODEs with polynomial vector fields, [31] proposes an approach for constructing
polynomial storage functions based on SOS programming. For general nonlinear ODEs,
however, the solution to dissipation inequalities may require ad hoc techniques.

With respect to PDEs, the solution (state) is a function of both space and time. More-
over, the solution belongs to an infinite-dimensional (function) space, as opposed to a Eu-

clidean space in the case of ODEs. Unlike Euclidean spaces, for function spaces, say



Sobolev spaces, different norms are not equivalent [33]]. Therefore, input-state/output prop-
erties differ from one norm to another.

In the context of PDEs, solutions to dissipation inequalities have been recently pro-
posed. For linear time-varying hyperbolic PDEs, the weighted £?-norm functional was
considered as a certificate for ISS in [97]. ISS storage functionals were suggested in [71],
for semi-linear parabolic PDEs. In [20], ISS of a semi-linear diffusion equation was an-
alyzed using the weighted £2-norm as the storage functional and a control approach was
formulated for a model of magnetic flux profile in Tokamak plasma. In this particular case,
the calculation of the storage functional was formulated as the solution of a differential
inequality, which was solved using a numerical method. More general ISS definitions were
presented in [27], and a small gain theorem for the interconnection of PDEs was formu-
lated.

However, once a dissipation inequality is formulated for an input-state/output property
characterized by a supply rate, solving the dissipation inequality is difficult in general,

especially in the case of nonlinear PDEs.

1.2.2 Contribution

In Chapter 4] we present a framework for input-state/output analysis of a class of nonlinear
PDEs based on dissipation inequalities. Each input-state/output property, namely passiv-
ity, reachability, induced input-output norms and ISS, is defined in the appropriate Sobolev
norm. For each property, the relevant dissipation inequality is formulated. We consider
PDEs with inputs and outputs defined over the domain, and PDEs with inputs and outputs
defined at the boundaries of the domain. Equipped with these dissipation inequalities, we
study interconnections of PDE-PDEs and PDE-ODEs with the interconnection either at the
boundary and/or over the domain. In this case, we formulate small-gain type theorems. Ad-
ditionally, we use convex optimization to systematically solve the dissipation inequalities

for PDEs described by polynomials on the independent and the dependent variables.
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Preliminary results on the material presented in Chapter 4] were presented in the 2014
53rd IEEE Conference on Decision and Control [2]. The journal version of the results was

also published in [6]].

1.3 Barrier Functionals for the Analysis of PDEs

1.3.1 Safety Verification

One interesting problem in the analysis of PDEs is safety verification. That is, given the
set of initial conditions, check whether the solutions of a PDE satisfy a set of constraints,
or, in other words, whether they avoid an unsafe set. Reliable safety verification methods
are fundamental to the design of safety critical systems such as life support systems (to
ensure that the carbon dioxide and oxygen concentrations in a Variable Configuration CO2
Removal subsystem never reach unacceptable values) [41], and wind turbines (to guarantee
safe emergency shutdown in the case of a fault or a large wind gust) [[136]].

The safety verification problem is well-studied for ODE systems (see the survey pa-
per [44]). Methods based on the approximation of the reachable sets are considered in [63]]
for linear systems and in [121] for nonlinear systems. Another method for safety verifica-
tion, which does not require the approximation of reachable sets, uses barrier certificates.
Barrier certificates [91] were introduced for model invalidation of ODEs with polynomial
vector fields and have been used to address safety verification of nonlinear and hybrid sys-
tems [93] and safety analysis of time-delay systems [92]. In [7], model validation and
invalidation of biological models using exponential barrier certificates was considered. Ex-
ponential barrier functions were proposed in [115] for finite-time regional verification of
stochastic nonlinear systems, as well. Moreover, compositional barrier certificates and
converse results were studied in [110] and [95]], respectively.

The application of barrier certificates goes beyond just the analysis. In [134], inspired

by the notion of control Lyapunov functions (CLFs) [8] and Sontag’s formula [111]], Wei-
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land and Allgower introduced control barrier functions (CBFs) and formulated a controller

synthesis method that ensures safety with respect to an unsafe set.

1.3.2 Bounding Output Functionals of PDEs

In many engineering design problems, one may merely be interested in computing a func-
tional of the solution to the underlying PDE rather than the solution itself (see the review
article [[10] for a number of applications in structural mechanics). For instance, the far-field
pattern in electromagnetics and acoustics [[73]] and energy release rate in elasticity theory
[139] are both functionals of the solutions to the governing PDEs.

The ubiquity of applications has motivated the development of computational algo-
rithms for output functional approximation. In [88], an augmented Lagrangian-based ap-
proach was proposed for the calculation of upper and lower bounds to linear output func-
tionals of coercive PDEs. In [73], adjoint and defect methods for obtaining estimates of
linear output functionals for a class of stationary (time-independent) PDEs were suggested.
In [138], the authors formulated an a posteriori bound methodology for linear output func-
tionals of finite element solutions to linear coercive PDEs. Adjoint and defect methods
for computing estimates of the error in integral functionals of solutions to stationary linear
PDEs were discussed in [89]. In [14], an SDP-based bound estimation scheme for linear
output functionals of linear elliptic PDEs, based on the moments problem, was formulated.

However, most of the methods proposed to date require finite element approximations
of the solution, which is susceptible to inherent discretization errors. Furthermore, it may
not be clear whether an attained bound from finite element approximations on the output
functionals is an upper or lower bound estimate. Consequently, we need certificates to
verify an obtained bound (see [[139, [82] for finite element based methods with certificates

for linear/quadratic output functionals of stationary linear elliptic PDEs).
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1.3.3 Contribution

In Chapter[5] Section we present a method for safety verification of systems described
by PDEs. In this case, the considered sets that are subsets of Hilbert spaces rather than only
subsets of Euclidean spaces as in the case of systems described by ODEs. The proposed
method relies on barrier functionals, which are functionals of the dependent and indepen-
dent variables. We show that if there exists a barrier functional that satisfies two inequalities
along the solutions of the PDE, then we can conclude that the solutions avoid an unsafe set
for all time or at some specific time instant. If the barrier certificate is defined as an integral
functional, the latter inequalities become integral inequalities. In the case of polynomial
data, we solve these integral inequalities by convex optimization.

In Chapter [5| Section [5.2] we apply the safety verification framework to compute
bounds on output functionals of a class of time-dependent PDEs, without the need to ap-
proximate the solutions. The method is based on reformulating the output functional es-
timation method into a safety verification scenario using an appropriate definition of the
unsafe set in terms of the output functional of interest. For each upper bound, the proposed
method provides a barrier functional as a certificate. For the case of polynomial PDEs and
polynomial output functionals (in both dependent and independent variables), SOS pro-
gramming can be used to construct the barrier functionals and therefore to compute upper
bounds. This reduces the problem to solving SDPs.

The results pertaining to bounding output functionals of PDEs, were presented in the
2015 American Control Conference [3]. A journal version which contains the safety veri-

fication method and more discussions is currently under preparation [JS].
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1.4 Input-Output Analysis of Fluid Flows

1.4.1 Literature Review

The dynamics of incompressible fluid flows is described by a set of nonlinear PDEs known
as the Navier-Stokes equations. The properties of such flows are then characerized in terms
of a dimensionless parameter Re called the Reynolds number. Experiments show that many
flows have a critical Reynolds number Rex below which the flow is stable with respect to
disturbances of any amplitude. However, spectrum analysis of the linearized Navier-Stokes
equations, considering only infinitesimal perturbations, predicts a linear stability limit Rey,
which upper-bounds Rex [30]. On the other hand, the bounds using energy methods Rep,
the limiting value for which the energy of arbitrary large perturbations decreases monoton-
ically, are much below Req [55)]. For Couette flow, for instance, Rep = 32.6 computed
by [[106] using energy functional, Re; = oo using spectrum analysis [[101] and Res ~ 350

estimated empirically by [120].

The discrepancy between Re; and Rec have long been attributed to the eigenvalues
analysis approach [123], citing a phenomenon called transient growth as the culprit; i.e., al-
though the perturbations to the linearized Navier-Stokes equation are stable (and the eigen-
values have negative real parts), they undergo high amplitude transient amplifications that
steer the trajectories out of the region of linearization. This has led to studying the resolvent
operator or e-pseudospectra based on the general solution to the linearized Navier-Stokes
equations [103].

Another method for studying stability is based on spectral truncation of the Navier-
Stokes equations into an ODE system. This method is fettered by truncation errors and by
the mismatch between the dynamics of the truncated model and the Navier-Stokes PDE.
To alleviate this drawback, recently in [42, 22], a method was proposed based on keeping

a number of modes from Galerkin expansion and bounding the energy of the remaining
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modes. It was shown in [52] that, in the case of rotating Couette flow, this method can find a
global stability limit which is better than the energy method. The method was also extended
in [22]] to address the problem of finding bounds for time-averaged flow parameters with
applications to flow control for drag reduction.

Since the seminal paper by [99], it was observed that external excitations and body
forces play an important role in flow instabilities. Mechanisms such as energy amplifica-
tion of external excitations have shown to be crucial in understanding transition to turbu-
lence as highlighted by [55]]. Energy amplification of stochastic forcings to the linearized
Navier-Stokes equations in unbounded shear and deformation flows was studied in [37]]. In
a similar vein, in [13]], using the linearized Navier-Stokes equation, it was shown analyti-
cally, through the calculation of traces of operator Lyapunov equations, that the #2-norm
from streamwise constant excitations to perturbation velocities in channel flows is propor-
tional to Re®. The amplification mechanism of the linearized Navier-Stokes equation was
verified in [S9] and [58]], where the influence of each component of the body forces was
calculated in terms of H? and H°°-norms based on finding analytical solutions to the Lya-
punov equations. Input-output analysis of a model of plane Couette flow was carried out
in [40] to study the nonlinear mechanisms associated with turbulence. In another vein,
an input-state analysis method for the linearized Navier-Stokes equation by calculating
the spatio-temporal impulse responses was given in [57)]. Linear energy amplification of
turbulent channel flows, by considering the turbulent mean velocity profiles and turbulent
eddy viscosities, was studied in [29] with the corresponding transient growth analysis given
in [98]. Linear non-normal energy amplification for harmonic and stochastic excitations to
small coherent perturbations in turbulent channel flows was considered in [53]. The litera-
ture on input-output analysis methods is vast, but a review of input-output analysis methods
was presented in [12], where the authors apply linear robust control theory techniques to
the discretized version of the linearized complex Ginzburg-Landau equation. Linear ro-

bust control theory methods were also used in [11] for input-output analysis and control of
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two-dimensional perturbations to a spatially evolving boundary layer on a flat plate.

1.4.2 Contribution

In Chapter [6] we consider the stability and input-output properties of incompressible, vis-
cous fluid flows. We study input-output properties such as maximum energy growth, worst-
case input amplification (induced £2-norms from body forces to perturbation velocities)
and ISS. In particular, we consider flow perturbations constant in one of the three spatial
coordinates. This is motivated by the transient growth analyses of the linearized Navier-
Stokes equations for channel flows [77, 45, [37]] suggesting that the streamwise constant
modes receive largest energy growth and pseudo-spectral analysis of the linearized Navier-
Stokes [[123] implying that streamwise constant perturbations have the maximum energy
growth. Our main tools for the input-output analysis are the dissipation inequalities devel-
oped in Chapter 4l For flows with streamwise constant perturbations, we find a suitable
structure as a Lyapunov/storage functional that converts the dissipation inequalities into
integral inequalities with quadratic integrands in dependent variables. Then, using these
functionals, we propose conditions based on matrix inequalities. In the case of polynomial
base velocity profiles, e.g. Couette and Poiseuille flows, these inequalities can be checked
via convex optimization using available computational tools.

The preliminary version of the formulation described in Chapter [ was presented at the
2015 54th IEEE Conference on Decision and Control [4]]. A journal article including the

discussions on pipe flows and more examples is currently under preparation.
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1.6 Notation

The notation throughout this thesis is as follows.

Let R,R>o, R5o and R" denote the field of reals, the set of non-negative reals, the set
of positive reals and the n-dimensional Euclidean space, respectively. The sets of natural
numbers and non-negative natural numbers are denoted N and N>, respectively.

We use M’ to denote the transpose of matrix M. The set of real symmetric matrices is
denoted S* = {A € R"™*"|A = A’}. For A € S", denote A > 0 (A > 0) if A is positive
semidefinite (definite), the linear operator He(-) satisfies He(A) := A + A'. diag(A, B)
denotes the block-diagonal matrix formed by matrices A and B. We denote by 1,,..,, the
unit matrix of size n x n.

The closure of set 2 is denoted 2. The boundary OS2 of set (2 is defined as 2 \
with \ denoting set subtraction. The ring of polynomials, the ring of positive polynomials,
and the ring of sum-of-squares polynomials on a real variable x are denoted R[x], P|[z]
and X[x| respectively. The ring of SOS square matrices of dimension n, i.e., matrices
M(z) € R™"[x] satisfying M (x) = >/ N!(z)N;(x) with N;(z) € R%*" is denoted

X (z]. For n,k € Nsg, define the matrix K € N oMb g(n k) = ("fF1) =

n—1

(n+k—1)!
(n—1)'k! >

of which the columns satisfy > | K;; = k, Vj, without repetition. The multi-
index notation is used to define the vector of all monomials of degree £ € N on vector
w = (w1, wy, ..., w,) € R, as witt .= [ (wEeDY o (wEeomm) } where w¢i) =
1T, w;¥ . The number of terms in w{*} is hence given by o(n,d). For instance, with
n =2and k = 2, we have K = [219], and wi? = (w?, wyw,, w3). Define the vector
containing all monomials in w up to degree k as n*(w) := [ 1 (wihy oo (wikhy }/.
The set 7 of (vector) functions, mapping € into A4, is denoted 7 (2;.A) and we use the
notation 7 (€2) or 7o whenever the range can be understood from the context. In particular,
we denote 7 = C* for the set of continuous vector functions, which are k-times differ-
entiable and have continuous derivatives. Alternatively, p € C*[z] implies p is k-times

continuous differentiable with respect to variable z. If p € C'(Q), then 9,p is used to
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denote the derivative of p with respect to variable z, i.e. 9, := a%' In addition, we adopt

Schwartz’s multi-index notation. For u € C*(€2;R"), o € N, define
D% = (uy, Optuy, ..., 09 Uy, « oy Upyy Oy, . oy 09" Uy, )

We use 7 = WP to represent the Sobolev space of p-th power, up to ¢-th derivative

integrable functions « endowed with the norm

1
q P
||U||Wgz,p = (/ Z ‘8;u‘p dCC) s
Q=0

for1 < p < ooand g € N>, and

[ullyyg = max (sug |8;u|) ,

=U,....q TE

for p = oo, where | - | signifies the absolute value. We denote the case p = 2 simply as the

Hilbert space H¢,. For ¢ = 0, we use the notation L%, for the Lebesgue space. Also, we use

1
T 3
||U||H?0 . (/ (u, uype dt) ;
), 0

where (u, U>Hg is the inner product in H¢,. We remove the subscript of ’HfO’T)’Q, i.e., He,

the following notation

when 7" = oo.
For a function f € C*(2) and g € C%*(Q2), V f denotes the gradient vector, V2g denotes
the Hessian matrix and Ag is the Laplacian operator. The ceiling function is denoted |-].
A continuous, strictly increasing, function k£ : [0,a) — R, satisfying £(0) = 0,
belongs to class K. If a = oo and lim,_,, k() = oo, k belongs to class K.,. We recall
that for any class /C function, the inverse exists and belongs to class K. Furthermore, for

any positive a, b > 0 and k£ € K, we have [112} Inequality (12)]

k(a+b) < k(2a) + k(2b). (1.11)
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For a symmetric matrix function S(x) : Q — R™*", we define \,,,(S) = inf,cq [Amin (S(2)) |,
where \,,;;, : S — Ris the minimum eigenvalue function. Similarly, A/ (.S) = sup,cq | Amaz (S(2)) |,
where A, : S — R is the maximum eigenvalue function.

Finally, Dom(</) and Ran(</) denote the domain and range of the operator <7, re-

spectively.
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Chapter 2

Preliminaries

In this chapter, we present some mathematical definitions and preliminary results that will
be used in the sequel. We begin this chapter by presenting some results on stability of PDE
solutions. Then, we touch upon a number of inequalities that are used in this dissertation.

Finally, we provide a brief review of SOS programming.

2.1 Partial Differential Equations

We succinctly describe the stability notions pertained to PDEs. For the sake of self-
containment, Appendix [A] reviews some results and definitions regarding semi-group the-
ory and well-posedness of linear and nonlinear PDEs. While these results are important
from a mathematical perspective, they are not central to our discussions in this disserta-
tion. Throughout the dissertation, we assume that the PDEs under study satisfy the well-

posedness conditions as outlined in Appendix

2.1.1 Stability of PDEs

Fundamental to our results is the notion of stability or convergence for the solutions of a

PDE. Unlike the finite-dimensional systems, stability or convergence for solutions to a PDE
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system should be understood in the sense of the norm one considers. In this dissertation,
we study the stability and input-state/output properties in the sense of Sobolev norms.

In this section, we detail the formulation presented in [49] for stability of PDEs. Similar
formulations are found in [[75]], [83]] and [[131], as well.

We begin by defining an equilibrium and afterwards stability.

Definition 2.1.1 (Definition 4.1.2 in [49]) Let {T'(t), t > to} be a nonlinear semi-group
(dynamical system) on a complete metric space U and for anyu € U, let Y (u) = {T'(t)u, t >

to} be the orbit through u. We say w is an equilibrium point if Y (u) = {u}.

An orbit Y (u) is stable if for any € > 0, there exists d(¢) > 0 such that for all t > ¢,
|T(t)u — T(t)v]lyy < € whenever ||lu — v|y < d(¢), v € U, where || - || is a norm
defined on U. An orbit is uniformly asymptotically stable if it is stable and also there is a
neighbourhood V = {v € U | ||u — v||yy < r} such that ||T'(t)u — T'(t)v|jy — 0 ast — oo,

uniformly for v € V|| Similarly, it is exponentially stable if there exist o,y > 0 such that

IT)u =T (vl < Allu—vllye ),

forallt > tyand all u,v € U.
We are interested in studying the stability of PDEs based on Lyapunov’s second method.

We need the definition of a Lyapunov function first.

Definition 2.1.2 (Definition 4.1.3 in [49]) Let {T'(t), t > to} be a nonlinear semi-group

onU. A Lyapunov function is a continuous real-valued function V' on U such that

: 2.1)

forallu e U.
lie. Ve > 0,3tg > 0: t > tq such that || T(t)u — T(t)v|y < e, Yv € U.
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Theorem 2.1.3 (Lyapunov Theorem for Nonlinear Semi-groups, [49, Theorem 4.1.4]), Let
{T'(t), t > to} be anonlinear semi-group, and let 1) be an equilibrium point inU. Suppose
V' is a Lyapunov function on U which satisfies V(1)) = 0, and V(u) > aq||u — ||y for
a1 > 0 and uw € U. Then, 1 (z) is stable. In addition, if ;V (u) < —asllu — ||y for

g > 0, then 1) is uniformly asymptotically stable.

For the proof of the above theorem, refer to [49, p. 84]. The exponential stability of linear
semi-groups can also be certified by the solution to the Lyapunov equation presented in [26,
Theorem 5.1.3].

In particular, in this dissertation, we consider stability in Sobolev spaces H¢,.

Definition 2.1.4 (Stability in #{,) Consider the PDE
Ou = F(x,D%), z€Q,t>0. (2.2)

Let 1 be an equilibrium of (2.2), satisfying F(x, D*) =0, x € Q, and u(0, ) = ug(z).
Then, 1 is

e stable in HY, if for any e > 0, 36 = () > 0 such that

||u0 - ¢||7—ng <0= ”U(t, ) - Q/)HH;I] <eg, t> 07

e asymptotically stable in Hp,, if it is stable and 36 > 0 such that

lto — bl < 8= Jimn [Jut, ) — WL, = 0,

e exponentially stable in H, if there exists scalars \ > 0 and M > 0,

lu(t, ) = 62 < Mlluo — olae ™, t > 0.

In this dissertation, we consider stability to the null solution, i.e., ¥)(x) = 0, Vz € Q2 in

Definition
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2.2 Some Useful Inequalities

In the sequel, we use a number of inequalities that are listed below for the reader’s conve-

nience.

Lemma 2.2.1 (Holder’s Inequality [47]) Let p,q € [1,00] satisfying . + ¢ = 1. Then,

for all measurable functions f and g, it holds that

I fgller < 1Fllzrllgllze-

Lemma 2.2.2 (Young’s Inequality [47]) For any a,b € R>( and p,q > 0 satisfying ]l) +
% =1, then
al bl

ab < — + —.
p q

Lemma 2.2.3 (Poincaré Inequality [85]) Assume () is a bounded, convex, Lipschitz do-
main with diameter D, and v € C*(Q) with Dirichlet u|pq = 0 or periodic [,u dQ =0

boundary conditions. Then, the following inequality holds
s
pllullez < [Vl

2.3 Sum-of-Squares Programming

We employ SOS programming in our computational formulations. That is, we convert
different analysis problems into a sum-of-squares program (SOSP), i.e., an optimization

problem involving a linear objective function subject to a set of polynomial constraints as
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given below
minimize w'c
ceRN

subject to

N
ag,j(x) + sz'(l’)ai,j(x) =0, j=1,2,...,J,
i=1

N
aos(x) + Y pi(@)ai;(x) €Sla], j=T+1,T+2,....J (2.3)
i=1

where w € RY is a vector of weighting coefficients, ¢ € R" is a vector formed of the

N —
i=N+1

(unknown) coefficients of {p;}¥, € R[z] and {p, € Y[z}, a; j(x) € R[z] are given
scalar constant coefficient polynomials, p;(z) € 3[x] are SOSP variables.

The gist of the idea behind SOS programming is that if there exists an SOS decom-
position for p(z) € R[x], i.e., if there exist polynomials fi(s),..., fm(z) € R[z] such
that

p(x) = Z f'i2(‘r)7

then it follows that p(x) is non-negative. Unfortunately, the converse does not hold in
genera]E] ; that is, there exist non-negative polynomials which do not have an SOS decom-
position. An example of this class of non-negative polynomials is the Motzkin’s polyno-
mial [[74] given by

p(z) =1 - 3zia} + ziz; + zy73, (2.4)

which is non-negative for all z € R? but is not a SOS. This imposes some degree of

conservatism when utilizing SOS based methods. Generally, determining whether a given

2Exceptions [100]:
o Univariate polynomials of any even degree,
e (Quadratic polynomials in any number of variables,

e Quartic polynomials in two variables.
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polynomial is positive is an NP-hard problem [16] (except for degrees less than 4); but, SOS
decompositions provide a conservative, yet computationally feasible method for checking
non-negativity. The next lemma gives an intriguing formulation to the SOS decomposition

problem.

Lemma 2.3.1 ([24]) A polynomial p(x) of degree 2d belongs to 3|x] if and only if there ex-
ist a positive semi-definite matrix () (known as the Gram matrix) and a vector of monomials

Z(x) which contains all monomial of x of degree < d such that p(z) = Z1(2)QZ(x).

In [23]] and [84]], it was demonstrated that the answer to the query that whether a given
polynomial p(z) is SOS or not can be investigated via semi-definite programming method-

ologies.

Lemma 2.3.2 ([84]) Given a finite set {p;}", € R|z|, the existence of a set of scalars
{a;}™, € R such that

Do + Z a;p; € Xx] (2.5)

i=1

is a linear matrix inequality (LMI f] feasibility problem.

In the sequel, we need to verify whether a matrix with polynomial entries is positive

(semi)definite. To this end, we use the next lemma from [96]].

Lemma 2.3.3 ([96]) Denote by @ the Kronecker product. Suppose F(x) € R™ "[x| is
symmetric and of degree 2d for all x € R™. In addition, let Z(x) € R™*![z] be a column

vector of monomials of degree no greater than d and consider the following conditions
(A) F(z) > 0forallz € R"

(B) vI'F(z)v € X[z, v)], for any v € R".

3 An LMI is an expression of the form
Ao+ 21 A1 + 2240 + -+ 1A, >0,

where x € R™ and A; € S", i = 1,2, ..., m. The above LMI specifies a convex constraint on x.
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(C) There exists a positive semi-definite matrix () such that

V'F(z)v = (v® Z(2))" Qv ® Z(x)),

for any v € R™
Then (A) <= (B) and (B) < (C).

Furthermore, we are often interested in checking positivity of a matrix with polynomial
entries F'(z) € R™"[z] inside a set  C R™. It turns out that if the set is semi-algebraid/

Putinar’s Positivstellensatz [[65, Theorem 2.14] can be used.

Corollary 2.3.4 For F(x) € R""[z], w € R[z] and Q = {x € R" | w(x) > 0}, if there

exists N(z) € X"*"[x] such that

F(z) — N(z)w(x) € X" [x], (2.6)

then F(z) > 0, Yz € Q.

If the coefficients of F'(x) depend affinely in unknown parameters and the degree of
N(z) is fixed, checking whether holds can be cast as a feasibility test of a convex set
of constraints, an SDP, whose dimension depends on the degree of the polynomial entries
of F(x) and N(z).

Algorithms for solving SOS programs are automated in MATLAB toolboxes such as
SOSTOOLS [79] and YALMIP [68], in which the SOS problem is parsed into an SDP
formulation and the SDPs are solved by LMI solvers such as SeDuMi [117]]. In this disser-

tation, we use the SOSTOOQOLS toolbox for the numerical experiments.

4 A semi-algebraic set S C R™ for some closed field, say R, is defined by a set of polynomial equalities
and inequalities as follows

S={zeR"|pi(z)>0,i=1,2,...,np, ¢i(x) =0,i=1,2,...,n4},

where {p;};, {a:};2, € Rlz].
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Chapter 3

Stability Analysis of PDEs: A Convex

Method to Solve Integral Inequalities

We begin our research in the analysis of PDEs with studying stability. In particular, we are
interested in studying stability using Lyapunov methods for PDEs [75, 28]].

As highlighted in the Introduction and Example[I.1.T] Lyapunov analysis of PDEs leads
to a set of integral inequalities. This chapter is concerned with formulating a method to
verify the non-negativity of integral inequalities using convex optimization. We begin this
chapter by discussing integral inequalities that are defined over the 1-dimensional domain.
We study integral inequalities with integrands that are polynomial in the dependent vari-
ables. This allows for a quadratic representation of the integrands. The integral inequalities
are subject to constraints on the dependent variables over the boundary of the domain of
integration. Based on these boundary constraints, we show how the Fundamental Theorem
of Calculus can be used to introduce terms that characterize the non-uniqueness of the in-
tegral kernels. This reformulates the problem of checking the positivity of the integral into
checking the positivity of a matrix inequality over some domain. In the case of polynomial
dependence in the independent variables, checking the matrix inequalities becomes an SOS

program.
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The proposed method for solving integral inequalities is then applied to the Lyapunov
stability analysis problem of PDEs. We choose a Lyapunov functional structure in the
form of weighted Sobolev norms. We show that if the Lyapunov functional satisfies two
integral inequalities for a given PDE system, we can conclude the exponential stability of
the solutions.

Finally, the proposed results are illustrated through several examples.

A preliminary version of the contributions described in this chapter was presented in
the 2014 53rd IEEE Conference on Decision and Control [[126]. The extended version of

the results was published in [[128]].

3.1 Integral Inequalities with Polynomial Integrands in 1D

In this section, we study inequalities given by polynomials on the dependent variables
evaluated at the boundaries of the domain of integration and integral terms with polynomial
integrands on the dependent variables.

Consider the integral inequality
1
1o (Do‘_lu(t, 1), Do‘_lu(t,O)) +/ fi(z, D) dz >0, Vt>0,
0

with [0, 1] = (0, 1) (note that any bounded domain on R can be mapped into [0, 1] = (0,1)
with an appropriate change of variables), u : R>ox[0, 1] — R", f, € R[D* 'u(t, 1), D> u(t, 0)],
fi(-, D*u) € R[D“u] (f; is a polynomial on its second argument). In order to simplify the

exposition, let us define
Dy ~tus= | (Do u(t, 1)) (D tu(t,0))

For max(deg( fy), deg(f;)) = k, we can express the polynomials f, and f; in the quadratic-
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like forms

(D3 ) = (I 105 ~1w)) By 81D 1) 3.1
i, D) = (%] (Dau))' Fi(z) nl81 (D) (3.2)

k
where the symmetric matrix F), € s7@me-[5]) and the symmetric matrix function F; :

[0,1] — S (51 The dependent variable v is assumed to belong to sets of the form
U, .= {uec*((0,1]) | BD; 'u=0}, (3.3)

with B € R™>*2"@ where n;, is the number of constraints on the boundary.

We study the following problem:

Problem 3.1.1 Check whether the following integral inequality holds

1
fo(Dy 1) +/ fi(z, D) dx >0, VYVt >0, Yu € U, (3.4)
0

For a given polynomial f,, Fj in the representation (3.1I)) may be non-unique and is

taken as an element of the set

Fb(k,a) = {Fb + Gy € Sa(na’[g—l)

[ fi = I E (g =)y Bl 51 (D), 0 = 5V (D )y Gl (D5} 3.9)

Similarly, for a given function f;, the set of quadratic-like representation (3.2)) is taken as

an element of the set

'Fi(kaa) - {E + GZ . [O, 1] — Sa(na,(g—l)

k
2

| fi = (17( W(Dau))'F,(:v)n[ﬂ (D%u), 0 = (n(ﬂ (Do‘u)’Gi@)n(gw (Do‘u)} . (3.6)
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Example 3.1.2 Consider f;(z, (u,0,u)) = 2?0, u+2u(0,u)? u € {u | u(t,0) = u(t, 1)},
yielding k = 3, a = 1, and D'u = (u, 0,u), 77(%1 (D'u) = (1,u, Opu, u*, ud,u, (Oyu)?).

The quadratic representation (3.2) and the set (3.3)) are obtained with Diu = [u(t.1) u(t.0)]’,

0

wﬁo

0

o

0

o
]
o o O
]
]
o o o o

The set F;(3, 1) is defined by matrices G;(x) as

0 0 0 g(@)  ga(z)  g3(2)
0 —2¢(z) —gz) O 0 0
Cile) = 0  —gx) —2g3(x) O 0 0
g1(z) 0 0 0 0 ga()
g(2) 0 0 0 —2gs(z) O
_gg(ZL') 0 0 94() 0 0 ]
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A complete quadratic representation of the integral expression (3.4), must also ac-
count for the differential relation among the entries of D“u. To this end, we define matrix
H;(z) € C* ([0, 1]; S"(?m’{ﬂ)) and the matrix of its boundary values H, € so(@nes[§]),

which contains the terms induced by integration-by-parts. That is, H;(z) and H, satisfy

[ (& (@l oy om0t ) @

] (Do‘_lu)}

1

=0

= ('S (p )y 1D~ ) 3.7)
The complete quadratic representation is then characterized by the set Z as follows

7= {Fb € Folk,a), F, € Fi(k,a) | (o[ 21(D2~ )Y (Fy + Hy)nl 21 (Do)

+ [ [ 1ol 0m) + - (S0 )y e o) | ae)

(3.8)

The example below illustrates matrices H;, and H;(x) for an element of set (3.8)).

Example 3.1.3 Consider (3.4) with f, = 2u(t, 1)0,u(t,0), fi(z, (v, dyu)) = sin?(z)ud,u+
2uc‘9§u, yielding k = 2, a = 2, and D*u = (u,@mu,agu). Since the expression is
homogeneous of degree k = 2, we replace the inhomogeneous vector 77[%1 (D?u) by
a homogeneous vector (D?u){3} to obtain the quadratic expressions with (Diu)t} =
(u(t, 1), Opu(t, 1), u(t,0), dyu(t,0)), (D?*u)"} = (u,d,u, 0%u). The representation (3.2)
is defined by

0001 L e
0000 o ?
Fb_ 7Fl(‘r)7 _sm2(x) 0 0],
000 0
1 0 0
1000
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and the terms characterizing the multiplicity of the integral as described by

d
(D) Hi() (D)
Ly (2) Lhia(x) + by () Shaa(x)
= (D) | L hys() + hur(z) —eho(r) + hia(z)  hao(x) | (D%u) (3.9)
%hlz(x) haa(x) 0
and (3.8) as given by
H;(1 0
(Dyu)'Hy(Dyu) = (Dyu)’ . (Dyu).
0 H;(0)

Note that the non-uniqueness associated with the algebraic relations in the vector de-
scribing the quadratic representation is characterized by the sets F;, and ;. The Fundamen-
tal Theorem of Calculus shows the non-uniqueness of the integral expression associated
with the differential relations of the elements in D®u, characterizing the set (3.8]).

In order to simplify the presentation of the next result, let us introduce the function
H;(z), which satisfies

(I oy (0o t) = @l (D)) B £l (Do) G.10)
and allows us to denote the quadratic form in the integrand of (3.8)) in terms of matrix
Fi(z)+ H;(z). The quadratic-like characterization of the integrand in terms of the algebraic
and the differential relations leads to conditions for integral inequalities in terms of matrix

inequalities as follows:

Theorem 3.1.4 [f there exist Fy, € Fy, Fi(v) € F;, satisfying 3.1)-(3.2), and H;(z) €
CL([0,1]), yielding Hy as in (3.8) and H;(x) as in (3.10) such that

(F (DY~ ) (Fy + Hy) n" (DS 'u) > 0 Vu € Ui, (3.11)
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Fy(x) + Hi(x) >0 Vz €]0,1], (3.12)
where k = (ﬂ, then inequality (3.4) holds in the subspace defined by U,.

Proof: For given polynomials f, and f; satisfying k& = max(deg(f),deg(f;)) we can

express an integral expression as in (3.4). Let

o(u) = f(Di ) /fsz‘”‘

Using the quadratic forms as defined in (3.1)-(3.2) with F, € F,(k,a), Fi(x) € Fi(k, a),

we have

olu) = fo(De M) /fsz“

= (F(Dp )Y o (D) + / (1 (D*w)) Fy(x)r (D*u) d.

Following the definition of set Z in (3.8)) and the definition of H; in (3.10), we obtain

é(u) = (0 (D)) (Fy + Hy)n*(Dg )

1 B .
+ [ Om)Y (F) + @) of (D) e (13

0
Hence, if the boundary term satisfies (3.11), and the integral term satisfies (3.12) then
o(u) >0, Yu € U, O
Note that inequality (3.12) is a differential matrix inequality since the elements H;(x)

involve continuously differentiable functions and their derivatives.
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3.2 Verifying Integral Inequalities with Integral Constraints

In some PDE analysis applications (an example is the computational formulation in Chap-
ter[5), we require verifying an integral inequality subject to a number of integral constraints.

That is, the following class of problems

I £:(6, Du) d > 0,
subject to

[ si(0, D) df >0, i =1,2,...,r (3.14)
where f; is described as (3.2) and

s, D) = (n1£1(D*w) 8i(2) %] (D)
with S; : [0, 1] — s[5 D),

The approach we develop here is reminiscent of the S-procedure [90] for LMIs. The S-
procedure provides conditions under which a particular quadratic inequality holds subject
to some other quadratic inequalities (for example, within the intersection of several ellip-
soids). Similar conditions for checking polynomial inequalities within a semi-algebraic set
were developed in [81,84] thanks to Putinar’s Positivstellensatz [65, Theorem 2.14]. How-
ever, current machinery for including integral constraints includes multiplying the integral
constraint and subtracting it from the inequality (see Proposition 9 in [81]). In the follow-
ing, we propose an alternative to the latter method that can be used to verify the feasibility
problem (3.14).

Consider the following set of integral constraints

1
S= {u € Cp |/ si(0, D%u) df > 0, i = 1,2,...,r}. (3.15)
0

35



Note that in this setting, we can also represent sets as {u | fol g(0, D) df = 0} by se-

lecting s; = g and sy = —g.
Define
vi(t,x) == /90 (0, D%u) de, (3.16)
0
which satisfies
v;(t,0) =0,
(3.17)

vai(t, ZL’) - Si('ra Dau(ta ZL’)) = 07

for:=1,2,...,r. Using (3.16]), we can represent S as

S={ueCfylv(t,1)>0,i=12,...,7}.

Lemma 3.2.1 Consider problem (314) and lett € T C Rsg. Letv(t, z) = [vi(t.a) - v(ta)]
and s(x, Du) = [s1(z,0%) - sp(z,0%u)|". If there exists a function m : T x [0,1] — R”

and a vector n € R%, such that

1 1
/ fi(x, D*u) dz—n'v(t, 1)+/ m'(t, x) (8351)(15,:5)—3 (:L',Dau(t,x))> dr >0, (3.18)
0 0
forallu e U and allt € T, then (3.14) is satisfied.

Proof: From (3.17), we have that for any m : R>o x [0,1] — R"
m/(t, z) (Oxv(t, z) — sz, D*u(t,x))) =0, Vz €]0,1].
Hence, since v and u are related according to (3.17), we obtain

/0 m'(t,x) (Ov(t, x) — s(x, D*u(t,z))) dx = 0.
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Consequently, if inequality (3.18) is satisfied, we infer
1
/ fi(z, D) dz > n'o(t,1), Ve T.
0

Finally, since n'v(t, 1) > 0, for all u € S, we conclude that problem (3.14)) is verified. [J
Note that inequality (3.18) is a particular case of (3.4)). In order to incorporate the inte-
gral constraints, we introduced the (dummy) dependent variables v; (¢, x), satisfying (3.17),

and their partial derivative with respect to x.

3.2.1 Semidefinite Programming Formulation

Whenever a matrix Fj(x) is a polynomial of the variable x and we impose polyno-
mial dependence of H;(z) on the variable x, inequality can be addressed by a
straightforward application of Putinar’s Positivstellensatz [65, Theorem 2.14] or Corol-
lary Note that the set [0,1] = [0, 1], can be described as the semi-algebraic set
{z|[0,1](z) := z(1 — x) > 0}.

Corollary 3.2.2 For F;(z)+ H;(x) € R™>™1[z], if there exists N (x) € XM *"u [x] such
that

Fi(z) + Hi(z) — N(2)[0,1](z) € X™™*"M[g] (3.19)

then (3.12)) holds.

If the coefficients of Fj(x) and H;(x) depend affinely in unknown parameters and the
degree of N(x) is fixed, checking whether holds can be cast as a feasibility test of a
convex set of constraints, an SDP, whose dimension depends on the degree of F;(x)-+ H;(x)

and N (z) and on the dimension of matrix Fj(x) + H;(z) which depends on the degree &k

and the order « as in (3.1)-(3.2).

Remark 3.2.3 Although Positivstellensatz gives necessary and sufficient conditions for check-

ing inequality (3.12)), in order to make these conditions computationally tractable the de-
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gree of the sum-of-squares polynomial N(x) in (3.19) must be fixed, hence yielding only

sufficient conditions for a given value of deg(N (z)). O

The formulation of inequalities and is possible thanks to the application
of the Fundamental Theorem of Calculus to characterize the set of quadratic-like repre-
sentations of an integral inequality, as described by the set (3.8]). The terms introduced in
the integrand by matrix H; do not affect the value of the integral and allow for a test for
positivity based on the positivity of the matrices in the quadratic-like representation. This
is similar to the quadratic representation that is used in sum-of-squares when checking pos-
itivity of a polynomial. Also, for polynomial expressions, the algebraic relations in the
quadratic representation of integrand polynomials are here defined in terms of functions,
(see (B.6)) instead of scalars. With the solution to (3.11)), we can verify inequalities in

subspaces as in (3.3), incorporating boundary values of the dependent variables.

3.3 Integral Inequalities for Stability Analysis of PDEs

In what follows, we present the class of PDE systems and Lyapunov functionals studied in

this chapter. Consider the following PDE system
owu(t,z) = F (z, D%u(t,x)), t>tg, x€[0,1], (3.20)

u(to,x) = up(z) € M C HY[0,1];R™), where ¢ € Nxq. Let F(x, D®u) = </u, where

q

7/ is an operator defined on M, a closed subset of 7{[0’1}.

Theorem 3.3.1 Consider system (3.20). Suppose there exist a function V. € C'[t] , with

V(0) = 0, and scalars ¢, co, c3 € Roq such that

cillullig, < V(W) < ellullyg (3:21)
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and

OV (u) < —03||U||3{‘[1

)
0,1]

(3.22)
along the solutions of (3.20), then the My, ,-norm of the trajectories of (3.20) satisfy

Ca — 8 (t—t
lutt, ) g, , < Zluo@)lg, €=, ¢ >t (3.23)

where ug = u(to, ).

dV (u) dV (u)
t

Proof: From (3.21))-(3.22)), one has v < — . Since v = d(ln%(“))),the integral

in time of the above expression over [t, t] yields

/ d (In(V (u(r,x)))) dr < _ﬁ(t —to)
[to,t]

dr Cy

In(V(u(t,z))) — In(V(u(to, z))) < —ﬁ(t —to)

Co

C3
Viu(t,2) _ )
V(u(to,z)) —

—ﬁ(t—to)

V(u(t,x)) < V(u(ty,z))e €2

Finally (3.23) is obtained by applying the bounds of (3.21)) on the above inequality. O

Remark 3.3.2 The above stability result is analogous to the stability theorems for nonlin-
ear ODEs [61]. However, in the context of PDEs, one has to consider the norm in which
the stability properties are defined. Next, we describe a class of Lyapunov functionals that

one has to consider to prove stability in some 7-[‘[]0 j-horm.

We consider candidate Lyapunov functionals of the form

V) = % /0 (DU P(a) (D) d, (3.24)

with P(z) > 0, Vz € [0,1] to study stability in ). Thatis, V(u) is the squared P(z)-
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weighted H{, ,;-norm. Since

An(P[ullie < V() < Ar(P)llullze

[0,1] [0,1]

V'(u) is equivalent to the ’H[qo ;)-norm.

Remark 3.3.3 For ¢, < qo, the space ”Hﬁil] is embedded in 'H[q(il] [33) Sec 5.6]. Therefore,

stability in H% j-horm implies stability in 7-[‘[15 j-horm, but the converse does not hold.

It turns out that, if we choose Lyapunov functional (3.24)), the conditions of Theo-
rem become integral inequalities.

Proposition 3.3.4 [f there exists a function P(z) and positive scalars €;, €5 such that

/0 (D) P(a) (D) — 61 (D) (D) dix > 0 (3.254)

— /1 2(D9u) P(z)F (z, D*u) + €2(D%)' (D)) dx >0 (3.25b)

then the Hﬁojl}—norm of solutions to (3.20) satisfy (3.23) with ¢y = A\, (P(2)), c2 = Ay (P(2)),
and c3 = €, i.e., the solutions to (3.20) converge to the null solution in the H, ;-norm ex-

ponentially.

Inequalities (3.25a)-(3.25b) are integral inequalities such as the ones studied in Sec-

tion[3.1] The sets U, as in (3.3)) associated to the inequalities are defined by the domain of

the PDE operators. The results of Sections [3.1] can therefore be applied to (3.25a)-(3.25b)

whenever the integrand is a polynomial on the dependent variables.

3.4 Examples

In this section, we illustrate the results of this chapter with three examples. We begin

with the problem of minimizing the constant in the Poincaré inequality. We then apply
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the tools developed to solve the Lyapunov inequalities (3.25a) and (3.25b) for two PDE

systems, namely, the transport equation and a system of coupled nonlinear PDEs with

spatially varying coefficients.

3.4.1 Poincaré inequality

Consider

1
/ (C(Opu)* —u?) dx >0, (3.26)
0

with u(t,0) = u(t, 1) = 0, which is an integral inequality of the form (3.4). Notice that the

integrand is affine on C'. Such an inequality holds for all u € 7—[[1071} and establishes bounds

for ||u|]%[2 | in terms of ||(8:,3u)|]i[2 - LetU = {u € Higy [ ult,0) = u(t, 1) = 0}. We
0,1 0,1 ’

are interested in obtaining a tight bound for (3.26)), i.e., to solve

minimize C'
subject to

fol (C(Opu)? —u?) dx >0, VYuel, (3.27)

with [0,1] = [0,1] and u(t,0) = wu(t,1) = 0. The results of Section [3.1] can now be
applied since the integrand involves only u and its spatial derivative 0, u. Following Propo-

sition problem (3.27) can be relaxed (upper-bounded) as

minignize C
subject to
—1+0.h(z) h(z)
h(x) C

>0, Vzel0,1]. (3.28)
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By imposing a polynomial structure to h(x) and applying the Positivstellensatz as de-

scribed in Section [3.2.1] (3.28) holds if the following SOSP is satisfied

minimize C'
h,N
subject to
—1+4 0.h(z) h(x)
h(zx) C
N(x) € 3**?[z]. (3.29)

+ N(z)z(z — 1) € ¥2%?[z],

We solve Problem (3.29) by fixing different degrees of polynomial h(z) (with deg(N(x)) =
deg(h(x))+2). Figure[3.1]depicts the optimal value C* as a function of the degree of h(x).
The figure also presents the optimal bound 72 for the problem [83]].

As it can be observed by increasing the degree of the polynomials up to 35, there is
still a gap between the bound obtained from the proposed method and the optimal constant
in the Poincaré inequality. This discrepancy results from the fact that, by Weierstrass’

theorem, only continuous functions defined on a closed interval [a, b] C R can be uniformly

08l

0.6

C*

0.4}

02} %

0O 5 10 15 20 25 30 35
deg(h)

Figure 3.1: Optimal values for Problem (3.29) as a function of the degree of h(x).
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approximated as closely as desired by polynomial functions.
To illustrate, in the following, we derive the function A(z) that corresponds to the op-

timal value C* = # and show that this is not a continuous function on [0, 1]. If we set

C = % in (3.28)), we have

™

—1+9,h(x) h(x)
M(z) = >0, z € [0,1]. (3.30)
LCHR

For the optimal C*, the function i (x) should be such that the rank of M (z) in (3.30) drop

by one and the inequality lose strictness. That is, M (z) can be represented as

M(z) = Z:Zi {Ml@;) MZ(:U)] =

Mi(x)  My(x)Ma(z)
My(x)Ma(z)  M3(x)

Then, M, = 1, My = wh(z), and M} = —1 + 0,h(x). Solving the nonlinear differential

equation 9, h(x) — 7*h?(x) — 1 = 0 gives h(x) = < tan (7x + ¢), where ¢ is an integration
constant. Since h(zx) is not a continuous function over the [0, 1] domain, a polynomial
approximation of h(z) = % tan (mx 4+ ¢) may not have satisfactory convergence properties.
This justifies the gap in Figure However, using polynomial bases in h(z) provides a

means based on SDPs to upper bound the optimal value C*. 0

3.4.2 Transport Equation

Consider the equation

Bu=—0u x€[0,1], t>0 u(t0) =0, (3.31)
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which gives Uj, = {u € C*([0,1]) | [o1] [zgé” = 0} . Given A > 0, let

be the candidate function to certify

AV (u) =V (u) = /01 (—%)\p(:r)uz(:v) +p(x)u8xu(x)) dx >0

(proving the exponential stability with convergence rate \). We apply Theorem to the
Lyapunov inequalities in Proposition to obtain

p(z) >0, Vxel0,1], (3.32a)
1 —h(1 0 1 1
u(t, 1) (1) ZC NN I GV I,
u(t, 0) 0 h0) | | ult0) u(t, 0)

M(z) =+ ~Aple) = 0:h(x) hiz) +plr) >0, Vaelo1]. (3.32¢)

h(x) + p(x) 0

We solve by imposing h(x) = —p(x) and the differential equation 0,h(z) +
Mh(x) = 0, to obtain h(x) = —e~**, which satisfies (3.32d) (i.e., —h(z) = p(x) > 0). No-
tice that with p(x) = —h(z) = e~* the inequality of holds for all z € R. Inequal-
ity (3.32b) is expressed as —h(1)u?(1) > 0, which clearly holds since —h(1) = e > 0.
The inequalities then hold for any A > 0 which proves the exponential stability of the E[Q(m—
norm of the solution for any convergence rate. This is expected as, for bounded domains,
the transport equation presents finite-time stability.

The inequalities in (3.25d)-(3.25b) were also formulated with polynomial weighting
function p(z), with ¢ = 0 (giving D%y = w) and e = \. Theorem is applied

to the resulting inequalities and we use the Positivstellensatz to formulate the SOSP as

44



Figure 3.2: Weighting functions proving exponential stability for convergence rates A €
{2,10}. The red dotted curves depict the solution p(z) = e **. The solid blue lines
correspond to the polynomials obtained by solving (3.33).

in Corollary 2.3.4]

Find p, h, N
subject to
M(z) + N(x)x(z — 1) € 22*%[z],

N(z) € 22%%[z]. (3.33)

Solutions to the above inequalities were obtained for A € (0, 10] (the value \* = 10 was
solved with deg(p(x)) = deg(h(z)) = 30). The numerical results provide polynomial
Lyapunov certificates for the 5[2071] stability of the solutions of (3.31)). A comparison of the
solution p(z) = e~** and the numerical solutions are depicted in Figure[3.2} O

In the next example we study the stability of a nonlinear, inhomogeneous PDE.
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3.4.3 System of Nonlinear Inhomogeneous PDEs

Let R > 0. Consider the following PDE

(

Ou = £92u — (x — 0.5)vd,w
O = £02v + zu + (x — 0.5)udw (3.34)

dw = 502w + zu — v,
\

subject to the boundary conditions u(t,0) = u(t,1) = v(t,0) = v(t,1) = w(t,0) =
w(t,1) = 0. In order to obtain the asymptotic stability bound in terms of the parameter
R a straightforward approach is to take the energy as the Lyapunov functional. In this
case, the nonlinear terms, given by (—% + x) [ u20,us —u10,us 0}’, are removed from the
expression of the time-derivative of the energy and the remaining expression is influenced
only by the linear terms. This choice results in conservatism since the stability may not be
certified by the energy of the state taken as the Lyapunov functional. Instead consider the
weighted 5[2071] -norm as a Lyapunov functional candidate and solve and to
obtain P(x), the weighting function. In order to illustrate this solution, we compute the
largest value of parameter R for which stability could be certified both with energy and the
weighted L, |-norm.

The results are depicted in Table [3.1]

Table 3.1: Stability intervals for parameter R € (0, R*| for different degrees of P(x).

deg(P(z)) || 0, P(x) =11 1 2 3
R* 6.3 105 | 17.5 | 21
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3.5 Further Discussions: PDEs with Non-Polynomial Non-
linearity

The proposed computational method in this chapter applies to PDEs with polynomial de-
pendence in the dependent and independent variables. In this section, we present hints on
the case where PDEs involve non-polynomial nonlinearity.

Let us first clarify the two different cases of non-polynomial data in the dependent
variable D®u and non-polynomial data in the independent variable 6 in the quadratic-like

integral expression as

/O 7 (D%u) M(0) (D) do.

For nonlinear n( D*u), the non-uniqueness of the quadratic forms is related to the algebraic

and differential relations of the entries of vector n(Du). For instance, for polynomial

U

n(u), consider D = and
Uz
ui
n(w) = | ujuy
u3
We have
/
uy 0 0 a(h) u?
n'(w)M(O)n(u) = |uyus M@+ | o —2a(f) 0 U Uy
u3 a(f) 0 0 u3
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For a different nonlinear dependence on u, say trigonometric with

!/

1 —a(6) 0 0 1
7' (WM@)n(u) = |sin(u)| | MO+ 0 ) 0 sin(u)
cos(u) 0 0 «af) cos(u)

With the above example, we illustrate that a quadratic-like form can also account for non-
polynomial dependence in the dependent variables. However, existing optimization soft-
ware packages easily handle polynomial vectors, whereas other non-polynomial depen-

dence requires ad-hoc construction methods.

The approach presented in this chapter leads to an infinite-dimensional semidefinite
constraint in terms of the independent variables. This is illustrated using a simple example
below. Consider

O = O2u + Nx)u, u(t,0) = u(t, 1) = 0.

and the Lyapunov functional V' (u) = fol p(x)u® dx. Following the steps in Sectionfor
stability analysis, p(z) > 0 and in addition 0,V (u) < 0. After introducing the differential

relation among the dependent variables and accounting for the boundary conditions, we
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obtain the differential matrix inequality

O2><2 O
C 2p(@)A@) 0 plx)
o ¢ 0 0 0
i -~ oplx) 00
hy(l) 0 T
0 —h3(0) 0
+ 8h1(x)h1(x)+8h2(x)h2(x) 20, ¥z €[0,1]. (3.35)
0 h(2) 2ha(x) + Duhy(x) hy(a)
L ha(z) hs(x) 0 |

Notice that the above differential matrix inequality may be difficult to solve in the general
case (nonlinear problem data). For constant ), the solution to matrix inequality (3.35) can

be found analytically as

p(z) = esin (\/gx) , ho(z) = —p(x), hs(z) =0, hy(z) = —2%h2($),

where € > 0.

However, in order to obtain a finite-dimensional SDP for inequality (3.33), we have to
select a set of basis functions to parametrize the decision variables. In other words, using
the basis set F' = { f1(z), ..., fo(x)}, we can write p(x) = > | ¢; fi(x) in terms of a finite
number of ¢;’s. The choice adopted in the chapter is the set of monomials {1, z, 22, ...}.
The reason for such choice is that the associated differential matrix inequalities like (3.35])
become polynomial matrix inequalities. For this class of matrix inequalities, there exists
efficient numerical optimization softwares such as SOSTOOLS [79]. The numerical exam-

ples in the chapter take advantage of these software tools.
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The proposed formulation in terms of matrix inequalities does not impose polynomial
dependence. However, in order to obtain solutions that take advantage of convex optimiza-

tion tools, we require the problem data to be polynomial.

3.6 Conclusions

This chapter proposed tests for positivity of integral expressions with integrands that are
polynomial on the dependent variables. This was motivated by inequalities encountered
in Lyapunov analysis of PDEs. A set of quadratic-like representations for the polynomial
integrand is obtained thanks to the Fundamental Theorem of Calculus, which embeds the
boundary values of the dependent variables. The positivity of the integral is then studied by
analyzing the matrices associated with the quadratic-like representation. Under the assump-
tion that the integrand is also polynomial in the independent variable, matrix positivity tests
are cast as SDPs. We then studied integral inequalities from Lyapunov stability conditions
for PDEs. The proposed Lyapunov functionals were given by the weighted 7{?0’1] -norms.
In the subsequent chapter, we formulate dissipation inequalities for input-output anal-
ysis of PDEs. We show that a suitable choice of storage functional structure converts the
input-output analysis problem into checking a set of integral inequalities. We solve these

inequalities based on the methodology developed here.
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Chapter 4

Dissipation Inequalities for

Input-State/Output Analysis of PDEs

In the previous chapter, we developed tools for verifying integral inequalities and applied
these tools to the Lyapunov stability analysis problem of PDEs.

Probably more important than stability analysis is the input-state or input-output anal-
ysis problem of PDEs. To this end, we use dissipation inequalities, which are widely em-
ployed in the context of ODEs [118]. In particular, we are interested in input-state/output
properties, such as, passivity, reachability, induced input-output norms and ISS. For each
of these properties, we formulate the corresponding dissipation inequality.

We consider PDEs with inputs and outputs that are defined over the domain and PDEs
with inputs and outputs at the boundaries. For these systems, the formulation based on
dissipation inequalities allows us to characterize input-state/output properties in the context
of appropriate Sobolev norms. Furthermore, it enables us to study the interconnections of
PDE systems, in which we propose small gain conditions. Also, we demonstrate that the
interconnection results can be extended to ODE-PDE interconnections.

In the case of polynomial data, we show that the choice of the weighted Sobolev norms

as the storage functionals converts the dissipation inequalities into integral inequalities that
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can be solved by SOS programming based on the method introduced in Chapter 3.

We illustrate these discussions by several examples.

Preliminary results on the material presented in this chapter were presented in the 2014
53rd IEEE Conference on Decision and Control [2]. The journal version of the results,

which included the small gain results, was also disseminated in [6]].

4.1 PDEs with In-Domain Inputs and In-Domain Outputs

In this section, we consider the class of PDE systems described by

(

Owu(t,z) = F (xz, D*u(t,x), D*d(t,x)),

y(t,x) = H(x,D%u), (t,2) € Rso x Q, (4.1)
Docuflu(t,]_) . Dad_ld(ty]_) _
\B [Darlu(t,o)} =0, B |:D‘1d*1d(t,0)i| =0,

and initial conditions w(0,z) = wug(x), where 0 < § < «,. The dependent variables
w:RsogxQ —= R™, d:RsoxQ — R™ and y : R5y x 2 — R"™ represent states,
inputs, and outputs, respectively, and B is a matrix of appropriate dimension defining the
boundary conditions. We assume throughout the section that the solutions to (4.1)) possess
sufficient regularity for all required derivatives to exist.

In order to study input-state/output properties of system (4.1]), we define each property

as follows.

Definition 4.1.1

A. Passivity: System (4.1)) is passive, if it satisfies the following inequality

<d7 y)[j? > 07 (42)

[0,00),82
whenever uy(z) = 0, Vo € Q.
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B. HP-to-H{, Reachability: System {.1)) is HP-to-H{, reachable, if for d € HP(Rxg X
Q; R"™) with g > p, the solutions of satisfy

(T g, < 8 (e, )+ VT >0 (4.3)

(0,T),2

with € K and ug(x) =0, Yz € Q.

C. Induced HP-to-H1-norm Boundedness: System (4.1)) has a bounded induced H?-to-

Hi-norm, if for d € HP(R>¢ x Q; R™) with ag > p and some v > 0,

[Y1l3

[0,00)

<l (44)

,Q
subject to zero initial conditions ug(z) = 0, Yz € Q.

D. DP-Input-to-State Stability in H{,:  System (&.1)) is DP-Input-to-State Stable in the
Hé-norm, if for d € WP (Q;R"™) with ag > p, some scalar ¢ > 0, functions

B, B, X € Koo, and o € I, it holds that

[u(t, ) g < 6(6‘%( (II%II%) )

+B( sup (/QO’(led(T, )| ) dx)), Vit >0, Yug € HY, (4.5)

T€[0,t)

where | - | is the Euclidean norm.

Remark 4.1.2 The above definition of passivity was used in [[109|], where a passivity-based

design strategy for flow control is presented.

Given 7" > 0 and the information on the H%’Tm—norm of the input, inequality (4.3
shows how the H?Z—norm evolves at t = T'. In fact, a minimization over 5 € K, results in

an upper bound on the reachable set at time ¢t = 7" in the F{,-norm.
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In item C in Definition @.1.1] for the PDE system (4.1]), we are interested in estimating
upper bounds on v* > 0 defined as
. 19l

7= sup
0<|ld]|sa<o0 | d||2er”

(4.6)

i.e., the induced HP-to-H?-norm.
Note that the DP-ISS property (4.5]) assures asymptotic convergence to the null solution
in H?—Z when d = 0. Moreover, when d # 0, as t — oo, the first term on the right-hand side

of (4.5) vanishes, yielding

tin (e, Vg, < 6 ([ oD%l de) < 5 ([ ottt oy de).

4.7)

wherein, the fact that 0, 5 € K, C K is used. Hence, when all the spatial derivatives of
the input up to order p are bounded in ﬁf(ioo)’ the state u is bounded in the H{,-norm. This

is analogous to the ISS property for ODEs [113]].

Remark 4.1.3 The reachability property is often referred to as controllability [64, Section
9.6.7] and the induced norm boundedness property is often studied in the context of trace
regularity (e.g. see the trace regularity results for hyperbolic PDEs [64, Section 8A] and

the Schrodinger equation [64, Section 10.9.3]).

In the sequel, we use the concept of zero-state detectability for PDEs, which is defined next

(for the case of ODE:s refer to [46, p. 362]).
Definition 4.1.4 A system is zero-state detectable (ZSD) in H{,, if ||yl = 0 implies ||u|[32

Zero-state detectability imposes constraints on H in @.I) (|| H(z, D%)HH% =0=
[ullg = 0). In the special case of H(z, D%u) = h(z)u and ¢ = 0, this is equivalent to

Bz € Q such that h(x) = 0, thereby y = 0 implies u = 0.
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A powerful tool in the study of robustness and input-state/output properties of systems
is dissipation inequalities [135,51]. For linear ODEs, quadratic storage functions of states
are both necessary and sufficient solutions to dissipation inequalities with quadratic supply
rates [[124]. For polynomial ODEs, [31] proposes an approach for constructing polynomial
storage functions based on SOSPs.

For PDEs, dissipation inequalities were proposed for particular systems. For linear
time-varying hyperbolic PDEs, the weighted £2-norm functional was considered as a cer-
tificate for ISS in [97]]. In [20], ISS of a semi-linear diffusion equation was analyzed using
the weighted £2-norm as the storage functional. However, the formulation of dissipation
inequalities for PDEs and the construction of storage functionals in the latter contributions
is based on ad hoc methods.

In the next theorem, we formulate the dissipation inequalities associated with properties
A-D in Definition 4.1.1} which can be applied to a larger class of PDEs, including nonlinear

PDEs.

Theorem 4.1.5 Consider the PDE system described by @.1). If there exist a positive
semidefinite storage functiona:ﬂ S(u) € C't], scalars v,7 > 0, and functions 31, By €

Koo, a0 € K satisfying |U| < o(|U

), such that
A) 0;S(u) < (d, y)tg, vt >0, (4.8)

then, system (4.1)) is passive as in (4.2).

B) Brlllullg) < S(w) (4.9)

0iS(u) < 7*(d, d)yp, ¥t >0, (4.10)

!'We refer to a functional .J(u) as positive semidefinite, if it satisfies J(0) = 0 and J(u) > 0, Vu # 0.
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then, system (@) is HP-to-H{, reachable as in @3) with B(-) = 87 (v()).
C) [Yllg, = 0= [lullg =0, (4.11)

S (u) < —(y,y)pg +7°(d, d)yp, Yt >0 4.12)

then, system (4.1)) is asymptotically stable and its induced HP-to-H?-norm is bounded by ~y

as in (4.4).

D) Bulllullg) < S(w) < Balllullg ). (4.13)
0S(u) < —a(S(u)) + / o(|D?d|) dx, ¥Vt > 0, (4.14)
0

then system (@1)) is DP-ISS in H{, and satisfies @3) with x = By, 8 = B;' 02 and

Proof: Each item is proven in turn:

A) Integrating both sides of (4.8)) over time from 0 to oo yields

/ 0pS(u) dtg/ /d’y dx dt.
0 0o Jo

That is,

75lim S (u(t,z)) — S (ug) < / / d'y dx dt.

By hypothesis, S(u) is positive semidefinite. Hence, for u(0, z) = 0, we have S(u(0,x)) = 0.

Moreover, lim; . S (u(t,z))) > 0. Therefore, we obtain the passivity estimate (4.2)).

B) Integrating both sides of {#.10) over time from 0 to 7" yields
T T
2
/0 0pS(u) dt < fy/o 17, dt.
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That is,
S(u(T,z)) = S(u(0,z)) < [|dl|se

[0,7),2"

Noting that, with «(0, x) = 0, from (4.9)), we have

Prlllu(T; Mizg) < ST 2)) < Alldlse

0,7),e

Since f; € K., its inverse exists and belongs to K.. Thus,

(T Vg, < 87 (Al ) -

Therefore, an estimate of the reachable set at t = 7" in terms of Hd||Hz[oO e is attained.

C) Subject to zero inputs d = 0, (4.12)) becomes
@SW)S—Mm&g (4.15)

Inequality implies that the time derivative of the storage functional S(u) is negative
semidefinite. Moreover, from Definition 3, condition (.17 is equivalent to system (@.T))
being ZSD in H,. Thus, 9,.5(u) = 0 only if ||u[|3 = 0. Hence, from LaSalle’s invariance
principle [[70, Theorem 3.64, p. 161], it follows that « converges to the null solution © = 0
in H{,-norm asymptotically.

Furthermore, by integrating both sides of (4.12)) from 0 to co, we obtain

| asw ar<— [Ty des? [Tl d
0

0 0

That is,

im S(ut,2)) = S(u0) < = [ ol de+* [l e

t—o00
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Since ug(x) =0, = € 2, we have

t—o0

lim Su(ta) <= [ ol de+a® [y dt
0 ¢ 0 ¢

and because S(+) is positive semidefinite, we obtain

| iRy, <o [ al
0 0

D) By rearranging the terms in and noting that ¥|U| < a(|U|), we have 0;5(u) +
¥S(u) < J,o(|DPd|) dz. Multiplying both sides of the above inequality by the strictly
increasing, positive function ¢!, we have e’ (9,5 (u) + ¥S(u)) < e¥ [, o(|DPd]) da.
Then, it follows that

% (e”9) < e‘“/o—(prdy) dz. (4.16)
Q

Integrating both sides of inequality from 0 to ¢ gives

e S(ut, ) — S(u(0,2)) < /O Cer ( /Q a(|Dpd(T,x)|)dx> ir

¢
< </ VT dT) sup </ o(|DPd(r, x)|) dx)
0 T€[0,t) Q
< l(ewt—l) sup (/ 0(|Dpd(7',x)|)dx>
¢ T€[0,t) Q
eVt
< — sup (/ o(|DPd(r, x)|) d:v), (4.17)
¥ el \Jo

where Holder’s inequality is used in the second inequality above. Dividing both sides of

the last inequality above by the positive term e¥* gives

S(u) < 6_¢t5(u0)+% sup < /Q a(|Dpd(T,:B)|)dx).

T€[0,t)
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Using (4.13)), we infer that

1
Bullullg) < e Bulluolig) + 5 s ([ aDrdmaya). s
T€[0,t) Q

Since 3, € K, its inverse exists and belongs to K... Hence, taking the inverse of 3; from

both sides of (4.18) yields

1
[flg, < 5fl(€_¢tﬁ2(\|uoﬂﬂg))+g sup (/U(IDpd(T,x)Ddﬂﬁ)),
T€E[0,t) Q

and, applying inequality (I.TT]), it follows that

fulhg, < 57 (2 Bulluallag) ) + 67 (5 s ([ atDdtra) do) ),
T€[0,t) Q

and @3) is obtained with y = f5, 8 = ;' 0 2and f = §; ' o 2. O

Remark 4.1.6 An important property of PDE systems, in particular in the study of hyper-
bolic systems, is conservativeness [133|132], i.e., the system satisfies the relation
T

T
o)y = ol = [l = [ i, 4.19)

For p = q = 0, if we consider the squared L%-norm as the storage functional, i.e., S(u) =

HuHi?2 = [, u? dw, inequality @12) in Theoremd.1.5|can be re-written as

o () < 2dliZs — N2,
Integrating both sides of the above inequality over time from 0 to T' > (0 yields
T T
T, i = ol <07 [ Nl = [y .

Then, in the special case when v = 1 and equality holds, we obtain (4.19). Thus, conserva-
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tive PDEs are special cases of PDEs with bounded induced L?-to-L*-norm. That is, since

T > 0 is arbitrary, the induced L*-to-L*-norm of the system is 1.

We illustrate Theorem using an example.

Example 4.1.7 (ISS Analysis of Burgers’ Equation) Consider the following PDE system

ou(t,z) = O*u(t,x) — u(t,z)0u(t,x) + d(t, r),

y(t,x) = wu(t,x), zel0,1],¢t>0 (4.20)

subject to u(0,t) = u(1,t) = 0. In the following, we show that for the above system the

following storage functional

1
S(u) = 1/ u?(t,r) dx. (4.21)
0

satisfies inequalities @ 13), and (A.14)). In other words, using storage functional (#.21)),
we demonstrate that the system is D°-ISS in L%. Note that the storage functional
satisfies gfol u? do < %fol u? dr < %fol u? dx for some 0 < ¢ < 1 and C > 1. Thus,
inequality @.13) is satisfied. Substituting @.21)) in (@.14) and noting that Y|U| < o(|U]),

we have

Oru
1 1 1, N -
- % u? dw +/ o(|d]) de > / u (02u — udyu+d) du. (4.22)
0 0 0
By integration by parts and using the boundary conditions, we have fol ududr = — fol (8xu)2 dz,

and fol u?0,u dx = 0. Then, inequality (#.22) gives

1 1 1 1
_ % u? dx +/ o(|d|) dz > —/ (O,u)” dx —I—/ ud dx. (4.23)
0 0 0 0

In addition, using Holder and Young inequalities for p = q = 2, we have

1 1 1 1 3 1 /! 1
/ ud dr < </ u? dx) </ d? dx) < —/ u? dr + = / d? dx. (4.24)
0 0 0 2 Jo 2 Jo
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Next, we show that the left hand side of (4.23)) is greater than a quantity which is greater
than the right hand side of (4.23). Thus, inequality (4.23)) also holds. Applying inequality
4.24), we check

b 1 1 1 1
——/ u? dx+/ o(|d]) de > —/ (B,u)? dx—i——/ u? dx—i——/ d* dx.
2 Jo 0 0 2 Jo 2 Jo

Moving the terms involving d and u to the left and the right hand side of the above inequal-

ity, respectively, gives

b o[ 1 1 1 1
—= | u? dx—l—/ (Opu)? da — —/ u? dr > —/ o(|d]) dx + —/ d? dx.
2 Jo 0 2 Jo 0 2 Jo

By choosing o(|d|) = %, we obtain — (%) f01 u? dx + fol (8,u)? dx > 0. From the
Poincaré inequality, we infer that if we choose 1) and correspondingly o such that % <

72, then the above inequality holds. Consequently, we demonstrated using storage func-

tional @21) that system @20) is D°-ISS in L3,

In Section4.4] we shall demonstrate that for PDEs with polynomial data the dissipation
inequalities can be solved by convex optimization. To this end, we employ the results for

solving integral inequalities provided in Chapter 3]

4.2 PDEs with Boundary Inputs and Boundary Outputs

In this section, we formulate conditions to study the input-output properties of PDEs with

boundary inputs and outputs. Consider the following PDE system

(

owu(t,z) = F (z, Du(t, x)),

y(t)=h (Dﬂu(t, 0)) , (t,z) € Ryg x Q (4.25)

BD* tu(t,0) =0, BD* tu(t, 1) = w(t),

\
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and initial conditions u(0,x) = wug(z), where B is a matrix of appropriate dimension,
y: Rso — R™, and w : R>g — R". Next, we define input-state/output properties for
PDE (4.25)). We assume throughout the section that the solutions to (4.25) have sufficient

regularity for all required derivatives to exist.

Definition 4.2.1

A. Passivity [102]: System (4.25)) is passive, if it satisfies the following inequality

(w,y)» >0, (4.26)

0.00)
with ug(z) = 0, Vo € Q.
B. Lf \-to-M$, Reachability [102)]:  System @23) is LF, \-to-H{, reachable, if for

Vw € L2(Rso; R™), the solutions of (&.23) satisfy

(T g, < 8 (ol )+ VT >0, (427)

[0,T)

with § € Ko and with up(z) = 0, Vo € Q.

C. Induced L3, -norm Boundedness [102]]: System (@#.25)) has bounded induced Lf, -

norm, if for Vw € L*(Rso; R™), there exits a v > 0 such that

lles, . <lwle, (4.28)

with zero initial conditions uy(x) = 0, Va € (.

D. Input-to-State Stability in H{,:  System (4.25)) is input-to-state stable in HE, if for

Vw € L®(Rso;R™), there exists a scalar ) > 0, functions B,8,x € Koo, and
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o € K such that

e o < 8 (Holh) )

+6~( sup 0(|w(7)|)), Vit >0, Yug € HY, (4.29)
T€[0,t)

Remark 4.2.2 The Input-to-State Stability in H{, property defined above parallels the ISS
property for ODE systems as given in [[I12]. However, ISS in H, property for PDEs
includes bounds on states u defined in the Sobolev norm of interest HY, since the state u

belongs to an infinite-dimensional space.

The next result follows from Theorem [4.1.3]

Corollary 4.2.3 Consider the PDE system described by (#.25). If there exist a positive
semidefinite storage functional S(u) € C'[t], scalars v, > 0, and functions (1, By € Ko,

a,0 € K satisfying |U| < a(|U

), such that
A) 9,S(u) < w'(t)y(t), vt >0, (4.30)

then, system (4.25) satisfies the passivity property (4.26).

B) Brllullzg) < S(u), (4.31)

0:S(u) < %' (t)w(t), vt > 0, (4.32)

then, system (4.23)) satisfies the 5[20700)40—7-[?2 reachability property (@.27) with B(-) =
B (*()%).

C) S (u) < =y ()y(t) + 7w (w(?), Ve =0, (4.33)
then system (d.25)) is stable and has its induced E[QOM)-norm bounded by -y as in (#.28).
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_Q:> 2

by <
Y2 2 ds

Figure 4.1: The interconnection of two PDE systems.

D) Billlullag) < S(u) < Ba(llullg,), (4.34)

0S(u) < —a(S(w) + o(Jw(t)]), Vt >0, (4.35)
then system @23)) is ISS and satisfies @29) with x = 5, f = 7 0 2and f = 7' o o

Proof: The proof of Items A, B, and D follows the same lines as the proof of Theo-
rem For Item C, LaSalle’s invariance principle cannot be used to conclude asymp-
totic stability as was the case in Theorem 4.1.5] since with w = 0 inequality {.33) is
converted to 0;S(u) < —y'(t)y(t) which implies that the solutions to (4.25) are stable.
However, y(t) = 0 only contains information about the values at the boundaries; i.e.,

h (DPu(t,0)) = 0, which does not imply u(t,z) = 0 for all (¢, z) € Rsg x €. O

4.3 Interconnections

In this section, we consider several interconnection topologies for PDE-PDE or PDE-ODE
systems. We show that, analogous to the ODE-ODE interconnections, once some properties
of the subsystems in an interconnection hold in terms of dissipation inequalities, we can

infer properties of the interconnection.
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Remark that, if a system property holds, it is not necessarily equivalent to the existence
of a storage functional satisfying some dissipation inequality. Though the converse holds
for linear ODEs with quadratic storage functions and supply rates [[124], even for nonlinear
ODEs, this is still an open problem [102]. In this section, however, when we refer to
a property of subsystems, we imply that the subsystem satisfies the associated dissipation
inequality. In other words, we are interested in making conclusions about an overall system,

once some property of subsystems is known in terms of dissipation inequalities.

4.3.1 PDE-PDE Interconnections

The next result is a small-gain theorem, which ensures stability or asymptotic stability of
interconnected PDE systems under some assumptions. This demonstrates the applicability

of dissipation inequalities for studying the stability of coupled or large-scale PDE systems.

Theorem 4.3.1 Let

;

atui - E(xa Daiu“ Dafid)v
Ez’ : Y; = HZ'<.’IZ’,D6iUi), (t,iL’) € RZU x (436)

Bi |:Da§,,1ui(t71):| _ 0’ B,L |:D0(11—1db(t71)} — 07
\

D=1y, (t,0) D%a~1d; (t,0)

fori = 1,2. Consider the interconnected PDE systems ¥, and Y5 as depicted in Figure[.1]
If X1 and 35 have induced H-to-H9-norms v, and ~y,, respectively, in the sense of {.4)
and certified by dissipation inequality (4.12)), then, the interconnected system is stable in
HE, provided that

Furthermore, if each of subsystems ¥, and X9 are ZSD in H{, then asymptotic stability in

H{, holds for the interconnected system.
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Proof: Let S; and S5 be two storage functionals for >; and Y. By hypothesis, it holds
that

S < — (Ui, Yi)ua, + Ve (ds, di)pa, i =1,2. (4.38)

Let i be a scalar satisfying 7y < p < % Therefore, vy, < pys < 1. Let S = S; + p2S,.
Then, from #.38§), it follows that

9,5 < _<ylvyl>7-£§2 + 71 {ds, d1>7-122 - M2<y2,y2>71;12 + 123 {da, d2>7-z§g-

With the interconnection y; = dy and y, = —d;, we have

0pS < —(1 = 1293) (Y1, yn)agg, — (1° = 77) (Yo, Y2) s,

Thus, from and the definition of y, it follows that the time derivative of the storage
functional S is non-positive, which, in turn, implies that the interconnected PDE system is
stable in H{,. Moreover, from ZSD property of X, and ¥,, one can infer that [|y;[[;a =
0 = [[ul[3a = 0,4 =1,2. Hence, 8,5(u) = 0 only if ||u;ls = 0,i = 1, 2. Consequently,
from LaSalle’s invariance principle [70, Theorem 3.64, p. 161], it follows that (u;, us) — 0
as t — oo in ‘H{,. This completes the proof. U

The next corollary asserts that stability in ¢, holds, if both subsystems of interconnec-
tion in Figure with boundary inputs and boundary outputs have bounded 5[20700)—n0rms

and satisfy a small gain criterion.

Corollary 4.3.2 Let

;

8tu1 == Fl(l', Dall‘ul)

21ty = (D% (t, 1)),

BlDa}iilUl(t, O) = wl(t), BlDaiilula, 1) =0,

\
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and

4

8tu2 = FQ(ZL’, DaiUQ)

221 yo = ha(DP us(t,0)),

BQDOé%_lILQ(t, O) = O, BgDa%‘_1U2(t, 1) = ’U)Q(f),

with interconnection wy = —vys and wo = y1. If X1 and Y5 have induced £[20 oo)-11OTMS 1
and 7y, respectively, in the sense of .28)) and certified by dissipation inequality (#.33)),

then, the interconnected system is stable in H{, provided that ~,v, < 1.

Proof: Let S; and S5 be two storage functionals for >; and 5. By hypothesis, it holds
that

01S; < —ylyi + yiwhw;, i=1,2. (4.39)

Define p such that v; < p < % Therefore, v172 < py2 < 1. Let S = S; + p2S,. Then,
from (4.39), it follows that

0:S < =l |* + i |* — 1 y2l® + 123 [wa .
With the interconnection y; = ws and y, = —w;, we have
0SS < —(1 = p® %)l [ = (1* = 47) |2l

Thus, since y172 < 1, (uy2)? < 1 and p? > ~?2, it follows that the time derivative of the
storage functional .S is non-positive, which, in turn, implies that the interconnected PDE

system is stable in H,. O
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4.3.2 PDE-ODE Interconnections

In the following, we consider interconnection of PDE systems and ODE systems, where
the interconnection is assumed to be at the boundary of the domain. First, we show that if
both the PDE subsystem and the ODE subsystem have bounded induced £?-norm then the
interconnection has bounded induced £2-norm. Secondly, we demonstrate that PDE-ODE

interconnections (cascades) preserve the ISS property, provided that each subsystem is ISS.

Theorem 4.3.3 Consider the following PDE-ODE system subject to dynamic disturbance

at the boundary

¢

Owu = F(z, D), x € Q, t >0,
y = H(x, DPu),
(4.40)
D> Lu(t,0) =0,
Dt 1) = 2(t).
PO = FX(t).d(b), d € L3,
(4.41)

Let (#.40) have bounded induced L% -norm 1 and @4&1)) have bounded induced Efo?m)-norm

. Then, the overall interconnection has bounded induced £[20 m)—to—ﬁé—norm 7.

Proof: Since both systems (#@.40) and @.41)) have bounded induced £2-norms with £2-

gains 1) > 0 and v > 0, respectively, they satisfy the following inequalities

8,5 (u)

IN

— / y* dr + n*2% (1) (4.42)
Q

Os(X) < —=24t) + 2. (4.43)
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for storage functional S(u) and storage function s(.X). Let us define the following storage

functional for the interconnected system
Y(u, X) = S(u) + n*s(X). (4.44)
Then, the time derivative of the storage functional yields

8t2(u,X) = (9t5—|—7723t8(X)
< [ o) - PR + PR
Q

= — / y? dx + n*y2d% (). (4.45)
Q

Therefore, the interconnected system has bounded induced Lﬁ) Oo)—to—ﬁs%—norm ny. U

Theorem 4.3.4 Consider the following ODE-PDE system in cascade interconnection

(

Oyu = F(x, D), x € [0,1], t > 0,
Do~ tu(t,0) = 0, (4.46)

D lu(t, 1) = 2(t).

(4.47)

If both systems ([4.46) and satisfy the ISS property, then the interconnection is ISS,

as well.

Proof: If both systems (4.46) and satisfy the ISS property, then there exist storage

function/functionals S for the PDE system and storage function s for the ODE systems,
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such that

0,S(u)

IN

—a(S(u) + o ((X®)]), (4.48)

Ois(X) < =20 (|X(®)]) +~(ld(®)]), (4.49)

for some o, 0 € K, andy € K. At this point, to show that the ISS-property of the cascade

holds, we consider the following storage functional
Y(u, X) = S(u) + s(X).
Then, functional X satisfies

X (u, X) < —a(S(u)) — o ([X(@)]) +~(ld@)]). (4.50)

4.4 Computation of Storage Functionals

For computational purposes, we assume that the studied PDEs are polynomial in the de-
pendent and independent variables, i.e., functions F' and H in (4.1]) and functions F' and
h in (4.25) are all polynomials. The following structure is also considered as a candidate

storage functional to check the dissipation inequalities given in Theorem and Corol-

lary {23

(4.51)
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where, P(z) : Q — S™*1) is a symmetric positive definite polynomial matrix function

for all = € (). This storage functional candidate satisfies

1 2 1 2

(Pl < S(u) < S2r(P)ul, (4.52)
Therefore, (S (u))% is equivalent to the H{,-norm.

4.4.1 PDEs with In-domain Inputs/Outputs

Next, we discuss how conditions of Theorem§.1.5|can be checked via integral inequalities.

Remark 4.4.1 From {.52), it follows that (4.9) and @.13) are satisfied, respectively, with

Bi() =227 ()% B () = [ 5gmy () and Ba() = 22552, u

Let 7 = 2. For reachability analysis, we solve the following minimization problem:

Problem 1: (Reachability for system (4.1)))

minimize 7
P(x)

subject to

@10), and 121 < P(z), (4.53)

where, v > 0 is a constant.
In this case, the reachability estimate (4.3) transforms to
v
(T, ) g, < ;HdH’Hf vT > 0. (4.54)

- 01,2’

Similarly, for induced HP-to-H9%-norm, the following minimization problem is solved:
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Problem 2: (Induced #”-to-7{¢ norm for system (.1)))

minimize 7
P(x)

subject to

(4.12)). (4.55)

When adopting the storage functional structure for DP-ISS in H, it is possible to

check the condition

9,S(u) < — /Q (D) a(z)(D%) dz + /Q o(|D¥d(t, 2))) de,

instead of (4.14)), where o : 2 — S™ is a symmetric positive definite polynomial function
for all z € Q and o is chosen as the sum of some even monomials of d. In this case, the

DP-ISS estimate translates to

[SIES
N

7/\7"(&)15 2 ]_
. g < Am (P) a p
It g, < (5 (Il )+ (Am@ s ([ s dﬂ“))

(4.56)

4.4.2 PDEs with Boundary Inputs and Boundary Outputs

In this subsection, we discuss a computational formulation of Corollary #.2.3] To formulate
the problem in terms of integral inequalities with polynomial integrands, we assume that
the function o in inequality is polynomial, while the storage functional is given
by (4.51).

Substituting in inequalities (.30), #.32), (4.33), and (@.35)) respectively yields

) 8:S(u) < (D u(t, 1)) B'h (DPu(t,0)), (4.57)
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) 0,S(u) <~ (D" Mu(t,1)) B'B (D* tu(t, 1)), (4.58)

111 9S(u) < —n (Du(t,0)) h(Du(t,0))

+2(Du(t, 1)) B'B(D*u(t, 1)), (4.59)

V) 9,S(u) < — /Q(un)'a(:n)(un) dz + o (|[BD* 'u(t,1)]), (4.60)

where a : Q — S™**D is a symmetric positive definite polynomial matrix function for
all z € Q. Let n = ~2. For reachability analysis, the following minimization problem is
solved:

Problem 3: (Reachability for system (4.25)))

minimize 7
P(z)

subject to

@38), and 121 < P(z) | (4.61)

where, v > 0 is a constant.

Then, the reachability estimate transforms to
v
(T, Yoy, < Llwles,,,. VT > 0. (462

Analogously, we solve the following minimization problem for 5[20700)-t0-7{‘1-n0rm:

Problem 4: (Induced £[20’oo)—t0—7-[‘1 norm for system (4.25]))

minimize 7,
P(z)

subject to

@39). (4.63)
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Provided that the problem data are polynomial in the dependent variables, we can for-
mulate SOS programs as discussed in Chapter [3|to solve the inequalities discussed in this

section.

4.5 Numerical Examples

In this section, we illustrate the proposed results in this chapter using four numerical ex-

amples.

4.5.1 Heat Equation with Reaction Term

Consider the following PDE system

(

O = O*u+ MNx)u+e(x)d, Vre[0,1] and V¢ >0

Y=, (4.64)

u(0,t) =u(l,t) =0, t > 0.

\

For d = 0, the system is exponentially stable for \(z) = \g < #% [116, p. 11]. For pas-
sivity analysis, let €(x) = 1 and A(z) = A¢. Applying condition (4.8)) in Theorem
certificates could be found that passivity property holds for \g < 0.272.

With respect to reachability analysis, let e(x) = 1002(1 — z) and A = 0. With this
choice of the function €(z), the in-domain input d has its maximum amplification at x =
0.5. The polynomial P(z) is set to 1, so that the Lyapunov functional represents the £3-
norm of solutions. Table d.I|provides the attained results. As expected, for larger values of
parameter )\, as the system approaches the instability bound, the reachable set is enlarged.

In the case of induced £2-to-£2-norm, certificates were found for £2-to-£?-norm bound-

edness for \(z) = \g < 0.472. Table presents the results from the numerical experi-
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Table 4.1: Reachability analysis results for Equation (£.64).
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Figure 4.3: ISS certificates for Equation #.69) (with A = 0.27%).

ments. It can be deduced from the table that, from Ay = 0.37% to \y = 0.472, the induced
L?-gain increases.

Take A(z) = A. — 242 + 242% and e(x) = 100z(1 — z). Figure depicts the
spatially varying parameter A(z) with different values of A.. As it can be observed, for
Ae € {10,11,12,13}, the coefficients exceed the stability bound for constant \; i.e
A(z) = Ao = 7. Table 4.3|summarizes the obtained results.

Finally, certificates for ISS are studied. The experiments were performed with con-

struction of polynomials P(x), a(x), and o(u) to certify ISS property. Certificates for ISS
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Table 4.2: Induced £2-norm results for Equation (#.64) subject to constant coefficients.

% 0 0.2 03 | 035 | 0.39
7 0.0560 | 0.1876 | 0.5465 | 1.296 | 6.158
Total Time (s) | 16.87 | 18.09 | 18.35 | 16.89 | 18.23

Table 4.3: Induced £2-norm results for Equation (#.64) subject to spatially varying coeffi-
cients.

Ae 8 9 10 11 12 13
y? 6.503 | 6.987 | 4.612 | 5.989 | 7.676 | 10.261
Total Time (s) || 16.87 | 18.09 | 18.35 | 16.89 | 18.23 | 17.22

property were constructed for A(z) = \g < 0.57%. Fig. presents the results obtained

from numerical experiments for \g = 0.272.

4.5.2 Coupled Reaction-Diffusion PDEs

Consider the following system of coupled reaction-diffusion PDEs

O = Pu+ I —v
3 ,r€[0,1],t>0 (4.65)

o =0+ +u

subject to u(t,0) = u(t,1) = v(t,0) = v(t,1) = 0, where A\ > 0. In the following,

2

we show that system (#.63) is exponentially stable in £3 for A < 72. We consider the

following energy functional in £

1
Eu,v) = %H(u,v)Hié _1 /0 (i 4+ 0?) de. (4.66)
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Table 4.4: Obtained bounds on induced £3-norm for Equation (#.68).

%] o0 | 03 ] 05 ]075] 08
7? ] 0.014 | 0.033 | 0.079 | 0.712 | 1.318

The time derivative of the above energy functional along the solutions of is given by

1
O E(u,v) = / (u (OZu—+Au—v) +v(dv+I+u)) do
0
1
= / (ud2u + M® + v0jv + M?) da
0
1
= (u0pu) |p=01 + (VOLV) |s=01 + / (= (9,u)® + Mu? — (9,0)% + \?) da
0

— _/01 ((8,u)* + (0.0)%) dx+)\/01 (v 4+ v*) dz,

where in the last inequality the boundary conditions u(t,0) = u(t,1) = v(t,0) = v(t,1) =

0 is used. Applying the Poincaré inequality to the last equality above, we obtain

1 1
OE(u,v) < —7r2/ (u® + %) dz + )\/ (v +0?) do
0 0

(e

_ o (1 _ 12) B(u,v). (4.67)

A
That is, E(u,v) < E(uo, vo)e_%Q(l_ﬁ)t for A < 72
However, we can infer the stability properties of > by decomposing it into an intercon-

nection of two PDEs, i.e., >J; and X5 given by

% Ci=1,2. (4.68)

Yi = Uy

where u; = u and uy = v with the interconnection as in Figure d.1] Remark that both ¥,
and X, are ZSD in L3, since y; = 0 implies u; = 0, for i = 1,2. From Table it can
be inferred that we could find certificates that equation (4.64)) with ¢(x) = 0 has induced

L3-norm v < 1 for A < 0.7572. Since both ¥ and 3, are in the form of (#.64) with
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Table 4.5: Results pertained to induced £2-to-£?-norm for PDE (4.69).

Y2 o | o1 | 012015 | 018 | 02
v? | 0.195 | 0.306 | 0.351 | 0.452 | 0.666 | 1.062

e(z) = 0, we infer that v; < 1 and 75 < 1 for A < 0.75m% Thus, 717, < 0.507 < 1
for A < 0.7572. Therefore, conditions of Theorem are satisfied. Thus, system 3,
which is the interconnection of ; and X, is asymptotically stable for A < 0.7572. This is

consistent with the results from energy stability analysis, i.e., A\ < 7.

4.5.3 Burgers’ Equation with Nonlinear Forcing [116, 62]

Consider the following PDE

dyu = £0%u — dudyu + fu? + d,
(4.69)

u(t,0) =0, u(t,1) =w(t), (t,z) € Rsg x[0,1]
subject to d(¢,0) = d(t,1) = 0 for all ¢ > 0, where R, ¢, § are constants.

4.5.3.1 In-domain Analysis (w =0, R=1and ¢ = 1)

Let y(t,x) = u(t,z), (t,z) € Rsg x [0,1]. The system without inputs (d = 0, w = 0)
is exponentially stable for 5 < \% [116, p. 20]. Using condition in Theoremm
certificates were found for passivity just for 5 = 0. For the induced £2-to-£2-norm, Table
provides the numerical details of the numerical experiments. From numerical experi-
ments, certificates were constructed for £2-to-£?-norm boundedness of system for
B < 0.2\/%.

At this point, let 8 = 0. Similar to nonlinear ODEs, we expect the nonlinear PDE to
have a nonlinear induced £2-to-£? gain function [39]. Figure illustrates the obtained

(upper bound) gain functions from numerical experiments. There are three noteworthy

regions in the gain curve. For small values of the input £?-norm, the nonlinear gain curve
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Figure 4.4: The £2-to-£? gain curve.

is relatively constant until a threshold is reached. This section corresponds only to the
linear part of the PDE. Then, the gain nonlinearly increases until it reaches an upper bound
which is approximately the bound obtained using only energy as the storage functional.

In addition, for different values of the parameter 1, we computed the induced £2-to-
£? norms using the energy functional P(z) = I and using storage functional (#.51)) of
degree 8. The results are illustrated in Figure As it can be observed, the bounds
obtained using the energy method remain constant for all values of input norm for fixed
R. Moreover, they upper-bound the induced norms computed by storage functional (4.5T).
This implies that the energy functional is not suitable for capturing the nonlinear dynamics

of the PDE.
4.5.3.2 Boundary Analysis (d = 0)

Assume y(t) = 0, u(t,0), t > 0. Let 6 = = 0. First, we study the upper bounds on ~ as
in (@28). It is assumed ug(z) = 0, Va € [0, 1] . Figure [4.6]illustrates the results obtained
for R € [0.01,10]. For each R, Problem 4 is solved and the minimum + is shown in the

figure. As it can be inferred from the figure, as R increases and therefore the diffusion term
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L2-to-L? norms obtained using storage functional @.31]).
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Figure 4.6: The obtained upper bounds on induced £[20’w)—to—£2—norm.
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attenuates, the obtained bounds on + increase.
At this point, we study the ISS property in £3 of system (#.69) with § = 1 and R =
1. The ISS bound on g for which ISS certificates could be found was 8 = (0.43)\%.

Figure depicts the constructed certificates P(z) and a(z) for § = (0.43)7. Also,

certificate o(w) is calculated as

o(w) = 0.9506w* 4 7.1271w?.

4.5.4 Example I'V: Kuramoto-Sivashinsky Equation [54, 34]

Consider the following PDE

(

Ou = =0 — N0?u — ud,u + d,
y=u, (t,z)eRsox]0,1], (4.70)

u(t,0) = u(t,1) = dyu(t,0) = dyu(t, 1) = 0.

\

It was demonstrated in [67] that for constant \ the system is exponentially stable in H3-
norm (thus, from Sobolev Embedings, stable in ’Hé—norm as well) for \ < 472,

First, we consider computing upper bounds on the induced £2-to-H!-norm of the sys-
tem. The results are presented in Table Figure shows the elements of the 2 x 2
matrix P(z) in the storage functional and its eigenvalues for A = (0.9)472.

Finally, let A(x) = Ao — 167%z(1 — x). Then, in (@.70), the spatially varying coefficient
A(z) crosses the stability bound A\ = 472 (at least) at subsets of the domain for \g > 472
We seek upper bounds on )\ such that certificates for D'-ISS in H{, can be found. For
constant \, certificates could only be found up to A = (0.62)472. However, for the spatially

varying \, we could construct certificates for D!-ISS in 1}, for Ao = (1.83)4n>. Figure[d.9)
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T

Figure 4.7: The ISS certificates P(z) (top) and a(z) (bottom).

illustrates the eigenvalues of certificates P(z) and a(z) for the case \g = (1.83)47? and

o(d, 0,d) was calculated as

o(d,0,d) = 3.2314d* + 4.0093(0,d)>.
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Table 4.6: Results pertained to induced £2-to-#!-norm for PDE #.70).

2] 03 | 05 055 | 06 | 07 | 0.9
72 |/ 0.003 | 0.048 | 0.517 | 1.211 | 3.229 | 9.840
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Figure 4.8: The entries of P(x) (top) and the eigenvalues of P(z) (bottom) for the case
A = (0.9)4r2.

4.6 Further Discussions: Finite-Dimensional Inputs and
Outputs
In this section, we elaborate on some further remarks. In particular, we delve further into

the case when the PDE system is subject to finite-dimensional inputs and outputs.
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Figure 4.9: D'-ISS in H{, certificates for PDE {.70) with \o = (1.8)4x>.

The case of finite dimensional inputs and outputs defined at the boundaries was dis-

cussed in Section 4.2} Regarding inputs and outputs of the form

d(t,z) = b(x)d(t), 4.71)

y(t) = /Qc(x)u(t,x) dz, (4.72)

we describe how the proposed formulation in this chapter can address these types of inputs

and outputs as follows.
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With respect to d(t, =), note that

1
2

= [1b(x)d(#) |3

[0,7),2

ld(t, )30

[0,T),Q

_ ( /OT(b(@d(t),b(x)d(t»H% dt)

= ([ a0y @) = el ldol,, . @7

Thus, for J(t, x), we can obtain bounds on its 7 norm as the ones presented in Section
aslong as b € H{, and d € Lf ).

Regarding y(t), consider the class of PDE systems described by

;

owu(t,z) = F (z, D*u(t,x)) + G(x)d(t),

y(t) = [\ h(z, DPu(t,z)) dx, (t,z) € Rsg x Q, (4.74)
Dov—ly(t1) |
\B |:Dau71u(t70):| - 07

and initial conditions u(0,2) = wug(z). The dependent variables u : Rso x @ — R,
d:Rsy — R, and y : R5y — R"™ represent states, inputs, and outputs, respectively,
G(z) = diag(g1(z), g2(x),. .., gn,(x)), B < au, B is a matrix of appropriate dimension
defining the boundary conditions, and h is a nonlinear function. In order to apply the

methods proposed in Chapter let us define a new dependent variable (¢, x) as

git,z) = / ", DPult,n)) di,

with the boundary values

y(t,0) =0, gy(t,1) = y(t), (4.75)

and the differential equation

0,3(t, ) — h(x, DPu(t,z)) = 0. (4.76)
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We can then include the differential equation (4.76)) in system as an equality con-
straint relating v and . In order to illustrate how we incorporate equality constraints in the

proposed formulation, i.e., in the integral constraints, we provide the following steps. Let

M :/Q(Do‘v(t,.r))/M(x)D%(t,:E) dx

- ( (D> Mw(t, 1)) My (D Yo(t, 1)) — (D 'u(t,0))" My (D> w(t,0)) ) (4.77)

and

i o 18 [0] )

Do~ 1y(t,0)

We are interested in solving the following problem:

Verify M >0

v € Vs(B), p(z, DPu(t,z)) = 0. (4.79)

Since p (z, Dv(t, x)) = 0 holds for all = € Q, we have N (2)p (z, Dv(t,x)) =0, Va €
Q for any N(z) : Q — RMr. Hence,

M =M, Yv € Vg(B)and Vv € {v | p(z, D’v(t,z)) = 0},

where

M = /Q ((D%(t,x))'M(:c)Do‘v(t,x)+N(x)p (z, D%(t,x))) dx

—~ < (D o(t, 1)) My (D*Mw(t, 1)) — (D 1o(t,0)) My (D> u(t, 0)) ) (4.80)

Thus, we can convert the constrained feasibility problem (4.79) into the following uncon-
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strained feasibility problem

Verify M >0

v € Vy(B), (4.81)

which fits the framework discussed in Chapter 3]

The input-output properties of interest are then studied by Corollary for finite

dimensional inputs and outputs defined at the boundary.

4.7 Conclusions

In this chapter, we proposed a methodology for input-state/output analysis of PDEs using
dissipation inequalities and we provided a systematic computational method for solving the
dissipation inequalities in the case of polynomial data. Based on these tools, we studied
passivity, reachability, induced norms and ISS for PDEs with in-domain inputs and outputs
and PDEs with boundary inputs and outputs. The dissipation inequalities allowed us to
establish properties of the interconnected PDE-PDE and PDE-ODE systems. We illustrated
the proposed method by several examples of linear and nonlinear PDE systems.

In the next chapter, we look into another analysis problem of PDEs, i.e., safety verifi-
cation of PDEs. We also demonstrate that the safety verification method can be used for

bounding output functionals of PDEs.
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Chapter 5

Barrier Functionals for Safety

Verification of PDEs

In the previous chapter, we discussed methods for input-state/output analysis of PDEs.
Apart from input-output analysis, in many safety-critical applications in engineering, we
are concerned with the so called safety verification problem, i.e., given a set of initial condi-
tions, checking whether all of the solutions of a given PDE do not violate a set of constraints
characterized by an unsafe set, especially in bounded time intervals. Moreover, in many
cases, we are interested in determining bounds on an output functional of the solutions of
the PDE, rather than the PDE solutions. In both of these problems, solving the PDE directly
for all initial conditions in a given set of initial conditions is overly computationally costly.
Also, numerical methods often do not provide certificates.

In this chapter, we propose a method for safety verification of PDEs based on the con-
struction of a functional of the states of the PDE that we refer to as the Barrier Functional.
The method does not require solving the PDEs and, parallels the storage functionals or
Lyapunov functionals for, respectively, input-output analysis or stability analysis of PDEs.
We demonstrate that if such barrier functional exists, satisfying a set of inequalities, then

the PDE solutions are safe. When the barrier functional is an integral functional, these
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inequalities become integral inequalities, which can be checked via convex optimization in
the case of polynomial data.

Furthermore, we show how the output functional estimation problem can be reformu-
lated as a safety verification problem. Then, we can find upper-bounds on the output func-
tionals by solving a polynomial optimization problem.

Two examples illustrate the proposed method.

The results associated with bounding output functionals of PDEs, were presented in the
2015 American Control Conference [3]. A journal version including the discussions on

safety verification is currently under preperation [3]].

5.1 Safety Verification for PDE Systems

In the current section, we define the safety verification problem and present a method based
on an extension of barrier certificates to PDEs. We then illustrate the proposed method by

an analytical example.

5.1.1 Problem Formulation
We study a class of forward-in-time PDE systems. Let &/ be a Hilbert space. Consider the
following differential equation

owu(t,x) = Ful(t,x), xe€QCR" tel0,T],
y(t) = Ault, x)

5.1
u(0,2) = ug(x) € Uy C Dom(.F)

u e U

\

where U, is a subspace of U, the state-space of system (5.1)), defined by the boundary
conditions, 77 : U — R and Dom(2) D U, the state-space of system (3.1]).
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We call the set

YV, = {uGM|%”u§O},
the unsafe set.

As an example of system (5.1)), consider the following system, x € [0, 1], t € [0, T,

/

Owu(t, x) = O2u(t, ) — u(t, z)0ult, z),
y(t) =5— [ou*(t,0) df — Ou(t, 1)

U = {uo € Lo | [Juollzy, < 1;0,u0 <0}

/ | A

u(t,0)
1 000 . u(t,0)
Uy=<uée€ ,H%) ‘ =0
0 010 u(t, 1)
,u(t,1)

\ \ L . 7

Then, by definition, we have

Yu= {u EUy |5 g/u2(t,9) d0+8xu(t,1)}.
Q

In this section, we present conditions to obtain certificates that trajectories starting in
the set U4, are safe with respect to the set ). In other words, we present a method for safety
verification of a PDE system.

Consider the following properties of trajectories related to an initial set {4, and an unsafe

set V,,.

Definition 5.1.1 (Safety Verification at Time 7") Let v € U. For a setUy C U, an unsafe
set Y, satisfying Uy N Y, = 0, and a positive scalar T, system (5.1)) is safe with respect to

Y, attime T, if, for all u(0, x) € Uy, the solutions u(t, x) of system (3.1)) satisfy y(T') ¢ V..
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Definition 5.1.2 (Safety Verification) System (5.1) is safe with respect to Y, if it is safe
with respect to Y, in the sense of Definition forall T > 0.

We are interested in solving the following problem:

Problem 5.1.3 Given sets ), Uy and T' > 0, verify that system (3.1)) is safe with respect

to), at timeT.

To this end, we define a functional of the states of the PDE and time
B(t,u) = B(t)u, (5.2)

where HA(t) : Dom(%) — R. We refer to this functional as the barrier functional. Note
that this extension of barrier certificates [91]] enables us to address sets that are defined on
infinite-dimensional spaces. In the subsequent section, we show that the barrier functional
provides the means to characterize a barrier between the set of initial conditions and the

unsafe set.

5.1.2 Safety Verification Using Barrier Functionals

In the next theorem, we provide a solution to Problem for PDE systems based on the

construction of barrier functionals satisfying a set of inequalities.

Theorem 5.1.4 (Safety Verification for Forward PDE Systems) Consider the PDE sys-
tem described by (5.1). Let u € U. Given a set of initial conditions Uy C U, an unsafe
set Y, such that Uy N Y, = 0, and a constant T' > 0, if there exists a barrier functional

B(t,u(t,z)) € C'[t] as in (3.2)), such that the following inequalities hold

B(T,u(T,z)) — B(0,up(x)) >0, Vu(T,z) € Yy, Yug € Uy, (5.3a)

dB(t,u(t,x)) <0

- <0, Vtel0,T], Yuel, (5.3b)
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Figure 5.1: Illustration of a barrier functional for a PDE system: any solution u(t, z) with
u(0,x) € Uy (depicted by the shaded area) satisfies u(7, x) ¢ ). The system avoids ), at
time ¢ = 7" but not for V¢ > 0.

along the solutions of (5.1)), then the solutions of (5.1) are safe with respect to Y, at time

T (cf. Definition[5.1.1)).

Proof: The proof is by contradiction. Assume there exists a solution of (5.1)) such that, at

time 7', u(7', z) € Y, and inequality holds. From (5.3b), it follows that

dB(t,u(t,x)) <0

7 <0, (5.4)

forall t € [0, 7], and u € U. Integrating both sides of (5.4) with respect to ¢ from 0 to T

yields
T
dB(t
/ % dt = B(T,u(T, z)) — B(0,u(0,x)) < 0.
0
for all u € U. This contradicts (5.3a)). -

The level sets of B(t,u(t,x)) — B(0,u(z)) represent barrier surfaces in the U space
separating U, and ), such that no solution of (35.1)) starting from U is in ), at time T’

(hence, the term “barrier functional”). This property is illustrated in Figure[S.1]

92



Theorem [5.1.4]is concerned with conditions for safety verification with respect to the
unsafe set ), at a particular time 7" > 0. The next corollary follows from Theorem [5.1.4]
and gives conditions for safety verification with respect to an unsafe set ), for all time

t > 0. In this case, the barrier functional can be independent of ¢.

Corollary 5.1.5 Consider the PDE system described by (5.1). Assume v € U. Given an
unsafe set Y,, C U, such that Uy N Y, = 0, if there exists a barrier functional B(u(t,x)) as

in (5.2) such that

B(u(t,z)) — B(ug(z)) >0, Yu € Yy, Yug € Uy, (5.5a)
W <0, Vuel, (5.5b)

along the solutions of (5.1)), then the solutions of PDE (5.1)) are safe with respect to Y, (cf.
Definition[5.1.2)).

Proof: The proof follows the same lines as the proof of Theorem[5.1.4] Assume that there
exists a solution u(¢, x) to such that, for some ¢t > 0, we have u(t, z) € ),. Then, from
(5.54), it follows that B(u(t,z)) — B(ug(x)) > 0. On the other hand, integrating inequality
from O to ¢ implies that B(u(t,z)) — B(ug(z)) < 0, which is a contradiction. Thus,
since t is arbitrary, the solutions to (5.1]) avoid ), for all time. O

We conclude this section by illustrating Corollary [5.1.5|with an analytical example that

uses a barrier functional to bound a performance index.

Example 5.1.6 (Performance Bounds) Consider the heat equation defined over a domain

Q C R? with smooth boundary

ou=Au, x€Q, t>0, (5.6)
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subject to u|gq = 0. Then, U = {u € H, | u|aq = 0}. The set of initial conditions

u(0, ) € Uy = {uo cu | / IVuo|? d92 < 1} . (5.7)
Q

Consider the output

y(t) =7 — / W2 O,
Q

where ~ > 0. Then, the unsafe set is described as Y, = {u € U | y(t) = 7* — [, u? dQ < 0}.
We are interested in finding the minimum vy such that no solution of enters Y, for all
U(O, ZL’) c Z/{O-

We consider the barrier functional (5.2)) with

B Hsl) — RZO
u— [o(Vu)'Vu dS,

that is, B(u(t,x)) = [,(Vu)'Vu dQ. We first check inequality (3.5b) along the solutions
of (5.6)-

dB(u(t,z))

= / 2Vud; (Vu) d2 =2 (Vudu) |sq — 2/ Audyu dS)
dt Q Q

= —2/ (Au)? dQ <0,
0

where, in the second equality above, integration by parts and, in the third equality, the
boundary conditions are used. Thus, inequality (5.5b)) is satisfied. At this point, let us
check inequality (5.54). We have

Bu(t,z)) — Bluy) — /my? dQ—/ yvu0\2d92/|vu|2d9_1
Q Q Q

> C(Q)/u%m—l,
Q

where uy € Uy as in (3.7)) is applied to obtain the first inequality and the Poincaré inequal-
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ity is used in the second inequality. Then, it follows that whenever v* > ﬁ, we have

B(u(t,z)) — B(ug) > 0, and thus, from Theorem system (5.6) avoids ). Therefore,
it holds that y & Y., which implies y(t) = 72, — Jou® dQ >0, ie, 2, > [, u? d,

where 2. = . For example, whenever Q) = {(x,y) € R? | |z + y| < 1}, we obtain

1
@

2 2
=2

5.2 Bounding Output Functionals of PDEs

In this section, we discuss an important application of the safety verification method, i.e.,
bounding functional outputs of PDEs. We present a motivating example that is referred to

throughout this section.

5.2.1 Motivating Example

The heat distribution over a heated rod is described by
Ou = kd?u+ f(t,r,u), €, t>0 (5.8)

where k > 0 is the thermal conductivity, and f(¢, z, u) is the forcing, representing either a
heat sink or a heat source. The initial heat distribution is u(0, ) = wug(z). We are interested

in estimating bounds on the heat flux emanating from the boundary z = 0
y(t) = ko,u(t,0), t > 0. (5.9)

The available approaches for finding bounds on (5.9) rely on methods for approximating
the solution to and then computing (88, [73 [89]]. In addition, some existing
methods [[14} [88] [138] require convexity of the output functional y(¢) in the dependent

variables.
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5.2.2 Problem Formulation

Consider the following particular case of PDE systems (3. I])

du(t,x) = F(t,z,D(t,x)), z€Q, t>0 (5.10)

y(t) = Hu, t>0 (5.11)
subject to u(0, x) = ug(x) and boundary conditions given by

D ty(t, 1)
—0, (5.12)
D tu(t,0)

with B being a matrix of appropriate dimension and F' being a nonlinear function. Define
the following set with the Sobolev norm as the restriction of Hilbert space to the space of

functions w satisfying boundary conditions ((5.12))

D tu(t, 1)
Uy=dueHs|Q —0b. (5.13)
Do tu(t, 0)

We assume the output functional (5.11) is defined by the operator A which is of the form
~ t

Hu = H (t,DPu(t, ) +/ Hy (1, D’u(r,z)) dr, z € Q, t >0, (5.14)
0

wherein, 0 < < a. {H,},—1 2 are given by

Hi(t, DPu) = hy(t, z, DPu(t,z)) + / ho(t, 0, DPu(t,0)) df, x € Q, t >0, i = 1,2
Q

(5.15)

with Q C Q and h;, i = 1,2 being nonlinear functions that map into R. In this study, we

discuss the cases where either H; = 0 or Hy = 0.
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Remark 5.2.1 The functional given by (5.11)), (5.14), and (5.15)) represents an output func-

tional either evaluated
A. at a single point inside the domain (hy = 0),
B. over a subset of the domain (hy, = 0 and Qc Q)
C. over the whole domain (h; = 0 and 0= Q).

We transform output functionals A-B to the output functional structure C, which we refer
as full integral form in the sequel. This structure is consistent with the method for solving
integral inequalities outlined in Chapter [3| The transformation methods for converting

structure A to C and structure B to C are discussed in Appendix B}

The problem we are interested in solving can be stated as follows.

Problem 5.2.2 Given PDE (5.10) with initial condition vy € Uy and boundary condi-

tions (5.12)), and a scalar T > 0, compute v € R such that y(T) < -, where y is given
in (5.11) and (5.14).

We are interested in finding barrier certificates to check whether the output functional

y as in (5.11)) satisfies y(7") < v forsomey > 0and T > 0, e.g., y(T') = kO, u(T,0) in the

motivating example of Section |5.2.1} Let ), = {u e HE | y(T) = Hu(T) > 'y}. Note

that the set ), defines a subset of function spaces. At this point, we observe that checking
whether y(7") < v can be performed via safety verification. In this respect, the key step is
to find certificates that there is no solution u(¢, ) to (5.10) starting at uo(z) € Uy such that
u(T,z) € V,. The next theorem asserts that barrier functionals can be used as certificates

for upper-bounding output functionals.

Corollary 5.2.3 Consider the PDE system described by (5.10) subject to boundary condi-
tions (5.12)) and initial condition uy(x) € Uy C Uy, where U, is defined in (5.13). Assume
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ueU C U, Let

1
V= {u ceU |yl = / WT,x, D’u(T, x)) do > fy}, (5.16)
0

define the unsafe set. If there exists a barrier functional B(t,u) € C'[t], such that (5.3)
hold, then it follows that there is no solution u(t, z) of (5.10) such that u(0,x) = uy(z) €

Uy and u(T, z) € Y, for T > 0. In other words, it holds that y(T') < ~.

From Corollary|5.2.3] we can compute upper bounds on y(7') by solving the minimiza-
tion problem below

minimize y
B(t,u)

subject to
B(T,u(T,z)) — B(0,ug) >0, for [, (h(T,z, DPu(T,x)) —~) dx >0, (5.17)

—4B >0, for t(T —t) > 0. (5.18)

where (T, z), u(t, z) € Up.

Thus far, output functionals of type with H, = 0 were considered. In some
applications, one might be interested in output functionals of type (5.14) with H; = 0. For
example, referring to the motivating example in Section [5.2.1] we might be interested in

the following quantity which represents the average temperature of the heated rod for time

y(T) :/OT/Qu(t,:v) dz dt.

In other words, bounds on inequalities of the following type are sought

T>0

T
y(T) = / / h(t,z, DPu(t,z)) dv dt < +*. (5.19)
o Jo

Obtaining bounds for this type of output functionals can also be addressed as delineated in
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the next corollary.

Corollary 5.2.4 Consider the PDE system described by (5.10) with boundary conditions (5.12)
and initial condition uy € Uy C U, where U,, is defined in (5.13)). Assume v € U C U,,. Let

1
%= {ueul [ s pute.a) s> om0}, (5.20)
0

withy(t) : Rso = R, 0 < 8 < acas in (5.10), define the unsafe set. If there exists a barrier

functional B(t,u) € C'[t], such that
B(t, D’u(t,x)) — B(0, D’ug(z)) > 0, Yu € YV, Yup € Uy, ¥t € (0,T), (5.21)

and are satisfied, then it holds that y(T) < ~* with y(T) given by (5.19) and v* =
(T) = ~(0).

Proof: This follows from Corollary If there exists a function B(t,u) satisfy-
ing (5.21) and (5.3b)), then, from Corollary [5.2.3] we conclude that there is no solution
u(t, z) of (5.10) satisfying u(t,z) € Y, for t € (0, T). That is, it holds that

1
/ h(t, z, DPu(t,z)) dx < 0yy(t), Vt € (0,T). (5.22)
0
Integrating both sides of (5.22)) from 0 to 7" yields
T 1 T
y(T) = / / h(t,, DPu(t, z)) dz dt < / Oy(t) dt = 4(T) — 4(0).  (5.23)
o Jo 0

This completes the proof. 0

We can compute bounds on v* = ~(T") — ~(0) via an optimization problem as follows.
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If there exists a solution v* = (7") — v(0) to the minimization problem

minimize (y(7") — ~(0))
B(t,u)

subject to
B(t,u) — B(0,u9) > 0, for [} (h(t,, DPu(t,x)) — dyy(t)) dao > 0and t(T —t) > 0,

—4B>0, for t(T —t)>0. (5.24)
with u(t, z) € U,, then the following inequality holds

T
/ / h(t, z, DPu(t,z)) dx dt < ~*=~(T) —~(0). (5.25)
o Jo

Remark 5.2.5 Note that inequality (5.21)) in Corollary requires the system to be safe
forallt € (0,T). In this sense, Corollary is more conservative than Corollary

The resulting barrier functional B may not be a barrier for the set

T
Vo= {u ey | / / g(t, z, DPu(t, x)) dx dt < fy*} :
o Jo

However, the set described in (5.20) can be used to compute the bound as in (5.19).

5.3 Construction of Barriers Functionals

In this section, we study a specific class of barrier functionals. For the studied class and for
particular sets Uy, and )/, the inequalities (5.3) and become integral inequalities. For
the case of polynomial data, the verification of the inequalities can be cast as constraints of
an SDP based on the method discussed in Chapter 3]

In the previous sections, the barrier functionals were only assumed to be continuously

differentiable with respect to time. In this section, we impose the following structure for
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the barrier functionals
Bltu) / W (D%u(t,0)) B(t,0) (D u(t, 0)) df (5.26)
Q

where = [0,1], B : Rsgx Q — RI(dxend) B(¢ ) € CL[t], Va € €, and the following

quadratic-like structures for the unsafe and the initial sets
Y, = {u cU | /Qnd(D“u(t, 0)) Y (0) n*(D“u(t,0)) do > 0} , (5.27a)
and the set of initial conditions
Uy = {uo cU | /Q n*(D*u(t, 0)) Uy(0) n(D*u(t, 0)) do > 0} . (5.27b)

where, Y : Ry x Q — ROMdxo(d) and [ : Ry x Q — RoMd)xo(nd),
The following proposition applies Lemma to formulate integral inequalities to
verify the conditions of Theorem [5.1.4] considering the barrier functional (5.26). In this

case, the constraint set S as defined in (3.13) is given by S = ), Uly, with the sets defined
in (5.27), that is

s1(w, Du) = ' (D™u)'Y (x) (D),

so(x, Du) = (D) Uy(z)n*(D"u). (5.28)

Proposition 5.3.1 If there exist B : [0,T] x Q — RoADxo(d) o B(t 1) as in (5.26),

m: T x Q— R* and n € R, such that the inequalities

B(T,u(T,z))— B(0,uy) —n'v(T, 1)+/ m/(T, 0) (0pv (T, 0) — s(x, Du(T,H))) db > 0,
Q

(5.29a)

with s(x, D) = [si(z.D%) s2(x.D°u)]" defined by (5.28) and v(t,x) = [vi(te) va(ta)] as
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defined by (3.16), and

/ (nd(DO‘u)’ﬁtB(t, 0)n*(D*u) + 2n*(D“u) B(t, H)Vnd(Dau)'at(Dau)> df <0,
Q

(5.29b)
Vit € [0,T], Yu € U, then (5.3)) holds and the PDE is )),-safe at time T.

The numerical results presented in the next section consider the problem data to be poly-
nomial, i.e., the functions B, m, Y, U, appearing in the inequalities of Proposition are
polynomials on variables ¢ and z, and the operator .% in (5.1)) may be nonlinear and defined
by a polynomial on w and its spatial derivatives with coefficients that are polynomials on

the spatial variables.

5.4 Examples

We now illustrate the proposed results with two numerical examples. The first example
is associated with tuning a parameter such that the solutions to a (nonlinear) diffusion-
reaction-convection PDE are safe. The second example is concerned with bounding two

output functionals of a diffusion-reaction PDE.

5.4.1 Safety Verification of the Burgers’ Equation with Reaction

Consider

O = 0%u + M — 2udpu, u(t,0) = u(t,1) =0, (5.30)

where A > 0, z € [0,1] and ¢ > 0. Due to the presence of a nonlinear convection term,
the solutions with A > 72 (otherwise unstable) may converge to a different stationary
solution. This stems from the fact that the convection term transfers low wave number
components of the solutions to the high wave number ones for which the diffusion term has

a stabilizing effect in a similar fashion to the effects of diffusion and anti-diffusion terms in
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the Kuramoto-Sivashinsky equation [78]]. Figure [5.2]depicts a solution to PDE (5.30) with
A >
We are interested in computing the maximum value for parameter A, such that the

solutions starting in

1
Uy = {uo y / (ug + (Dpuo)?) db < 1}, (5.31)
0

which implies HU/OHH[IO , < 1, donotenter the set Y = {u \ fol (u? + (Opu)?) do > (6)2} :

ie., uHH[10 . > 6 for all t > 0. To this end, we consider the following barrier functional

structure
1 /
B(t, ult, x)) = /0 Lt | o) | i) | ao. (5.32)

where M (0) € R**2. Applying Corollary and performing a line search for ), the
maximum parameter )\, for which the solutions avoid Y, is found to be A\ = 1.19872, for
which the barrier functional (5.32)) was constructed with a degree-16 M (#), in less than 16

seconds, as given below

M(Q): M11(9) Mm(l’) ’
M12(9) MQQ(@)

10*M11(0) = — 12.960" + 27.920"° — 55.380™* — 160.60"° — 222.40" + 180.86"!
+199.10" + 332.90° — 343.50° — 454.967 — 390.10° + 329.96°

+ 666.76* — 83.3760% — 663.46% + 418.70 — 74.97,

10*M15(0) =1.390" — 26.030" + 10.766™* 4 22.530" — 14.630"* — 22.816"!
+ 52.280" — 67.5660 — 69.450° — 87.540" + 79.376° 4 262.860°

— 32.630% — 447.10° + 417.76% — 157.660 + 23.88,
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Figure 5.2: The solution to PDE (5.30) for A = 1.272.

10 Myy(0) = — 1.6070" — 26.850™* + 47.170" + 38.690" — 77.10™ — 34.360"
+66.470° + 13.360° — 34.5707 — 1.4776° + 17.136°

—9.4050* 4 2.7686°.

This is consistent with the numerical experiments shown in Figure where the H{,-
norm of the solution to PDE (5.30) with A = 1.27% was computed for four different initial

conditions ug(x) € Uy as in (3.31).

5.4.2 Bounding the Heat Flux of a Heated Rod

In this example, we apply the safety verification method to find upper bounds on the heat
equation. Consider

Ou=0%u+ I, x¢€l0,1],t>0, (5.33)

for all u(¢,0) = u(t,1) = 0 and the initial condition ug(x) = mx(1 — x). For comparison,

the exact solution to PDE (5.33) can be found using the method of separation of variables
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22%(1 — 2)*
0.4z(e" —e)
z(1-=)
(1 — cos(2mz))
In(0.55z(1 — z) + 1)

2.5 3

Figure 5.3: The evolution of H! 0.1y~ norm of solutions to (5.30) with A = 1. 272 for different
initial conditions. The red and green lines show the boundaries of ), and U, respectively.

as

m2n3

u(t,x) = Z we(%_”%”% sin(nmz). (5.34)
n=1

The solutions to (5.33) are convergent to the null solution u(t,z) =0, = € [0,1], t > 0
in £2 for A < w2 [116, p. 11]. In this example, we are interested in upper-bounding an
output functional of the solutions when A\ = 1072, i.e., the unstable solutions. We consider

the following barrier functional structure
1
B(t,u) = / b(t, z, D'u) du, (5.35)
0

with b € RI[t,z, D'u]. We investigate the bounds on the heat flux emanating from the

boundary x = 0 at time 7" = 0.01 given by
y(T) = 0,u(T,0). (5.36)

The results are given in Table[5.1] It can be observed that the bounds approach the actual

heat flux y(0.01) ~ 3.2512 as the degree of b increases. The constructed certificates of
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Table 5.1: Obtained upper bounds of functional of system (5.35)).

degv) | 1 | 2 | 3 | 4 | 5 | 6
v* || 8.0447 | 5.8035 | 3.9637 | 3.3418 | 3.2919 | 3.2555

degree 4 in b is given below

b(t,z, D'u) = — 7.1441%u? + 1.7154t*ud,u — 20.228t*u — 7.5293t*(0,u)* — 3.0302t*0,u
+ 84.477t* + 5.306tzu® + 4.439tu* — 11.394trud,u + 4.0763tud,u
+ 11.385tuz + 9.753tu — 0.7447tx(0,u)* + 0.55552t(d,u)? — 4.2529tx0,u
+ 1.3549t0,u — 42.631tx — 28.656t — 6.9887x%u* + 5.71047u”
—2.3317u* — 0.212592%ud,u + 2.3274vud,u — 1.7012ud,u + 5.71052%u
— 6.73092u — 0.23359u — 0.38662%(0,u)? + 0.3262(9,u)* — 0.04805(0,u)?

—0.01152220,u + 0.06202320,u — 0.0209519,1.

The second output functional of interest is given by

T
y(T) :/ O,u(T,0) dr. (5.37)
0

with T' = 0.05. We define the unsafe set as

V= {u e, | /01 8, ((x — 1)dyu(r, z)) dedr > aw} .

With the above formulation, it is clear that the larger the set ), for which we can find a bar-
rier functional, the tighter the upper bound of the output functional (5.37). Applying Corol-
lary [5.2.4] the minimum ~* such that certificates for safety verification at time 7" = 0.05
could be found are provided in Table It can be inferred from the table that the results
are converging to the exact solution of the functional which can be obtained from (5.34)) as

y(0.05) ~ 1.2402. In these numerical experiments, we set deg(y(t)) = deg(b) + 3. The
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Table 5.2: Obtained upper bounds of functional (5.37) of system (5.35).

degv) | 1 | 2 | 3 | 4 | 5 | 6
v || 67374 | 4.6736 | 2.2749 | 1.4175 | 1.2921 | 1.2524

obtained certificates for bounding the state functional with b of degree 4 were:

Y(t) = 964.11¢" + 6.7729¢° + 66.924¢> + 32.375¢" + 100.79t> — 4.5509¢* + 5.7891¢,

and (5.35) with

b(t,z, D'u) = — 1.6454t*u* + 0.37053t*ud,u — 2.14t*u — 1.2514t*(9,u)?
+ 0.15851¢20,u + 3.8517t% + 2.6005tzu® + 1.672tu
— 2.5321tu(0,u)* + 0.69396tud,u + 3.6274tzu + 1.3629tu
— 0.13896tx(0,u)? + 0.24091¢(0,u)? — 0.18622txd,u + 0.016255t0,u
— 7.0307tx — 2.1521t — 6.34042°u? + 4.1574zu?
— 1.9985u2 + 0.199012%ud,u + 0.54298zud,u — 0.69336ud, u
+ 0.756432%u — 1.1887xu — 0.048215u — 0.203062% (0, u)*
+0.162732(0,u)* — 0.021415(9,u)* — 0.00232342°0,u + 0.01482620,u

— 0.00322640,.u.

5.5 Conclusions

We considered the safety verification problem of PDEs, i.e., given the set of initial con-
ditions and the unsafe set, checking whether the solutions of the PDE avoid the unsafe
set. The safety verification problem is reformulated as the existence of a barrier functional
satisfying a set of integral inequalities. Furthermore, equipped with the safety verification
method, we proposed a scheme to upper-bound output functionals of a class of PDEs by

barrier functionals. In the case of polynomial dependence on both independent and depen-
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dent variables, we used SOS programming to construct the barrier functionals by solving
SDPs. The proposed method was illustrated using two examples.
In the following chapter, we apply the tools developed in Chapter |3| and Chapter 4| to

fluid flow analysis.
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Chapter 6

Input-Output Analysis of Fluid Flows

In Chapter[d] we discussed a method based on dissipation inequalities for the input-state/output
analysis of PDEs. One important area in which PDE models are used is in describing the
dynamics of incompressible fluid flows. For such flows, the dynamics is described by a set

of nonlinear PDEs known as the Navier-Stokes equations. The input-output and stability
properties of such flows are then characterized in terms of a dimensionless parameter Re
called the Reynolds number.

In this chapter, we consider input-output and stability properties of a class of incom-
pressible viscous fluid flows. To be precise, we study flows subject to perturbations that are
constant in one of the three spatial coordinates. With this assumption, we obtain the pertur-
bation dynamics-a nonlinear PDE with 3 vector fields in two spatial coordinates. Alterna-
tive forms of this model were used in [40] for modeling turbulence. In particular, we study
streamwise constant perturbations. This is motivated by the transient growth analyses of
the linearized Navier-Stokes equations for channel flows [77} 45, 37] suggesting that the
streamwise constant modes receive largest energy growth, pseudo-spectral analysis of the
linearized Navier-Stokes [123] implying that streamwise constant perturbations have the
maximum energy growth, and the Squire’s Theorem which states that the two-dimensional

perturbations are the least stable among all perturbations [S0]].
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The input-output analysis method proposed in this chapter entails both channel ﬂow{]
and pipe flows.

Based on a set of dissipation inequalities, we study input-output properties such as
maximum energy growth, induced £?-norms from body forces to perturbation velocities
and ISS. We propose a class of Lyapunov and storage functionals that takes advantage of the
flow structure and leads to a quadratic integrand in the resultant integral inequalities. For
streamwise constant perturbations, we formulate conditions based on matrix inequalities.
We show that in the case of polynomial base flow profiles, the matrix inequalities can
be checked via convex optimization. We illustrate the proposed method by studying four
flows, namely, the Taylor-Couette flow, the plane Couette flow, the plane Poiseuille flow
and the Hagen-Poiseuille flow.

The preliminary version of the results discussed in this chapter was presented at the
2015 54th IEEE Conference on Decision and Control [4]. A journal article including the

discussions on pipe flows and more examples is currently under preparation.

6.1 The Flow Perturbation Model

Let I be an index set corresponding to the spatial coordinates. The dynamics of incom-

pressible viscous flows are described by the Navier-Stokes equations, given by

1
o = R—Wa—a-va—VmFaer,
€
0 = V-, 6.1)

where t > 0, F € R3*3 represents terms coming from rotation, and x € Q = ; x
2; C Rx Rwithi # j,4,j € I are the spatial coordinates. The dependent variable

d : R>g x ©Q — R3 is the input vector representing exogenous excitations or body forces,

IThe type of fluid flow within a conduit with a free surface, known as a channel. A channel flow has a
free surface, whereas the pipe flow does not.
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@ : Rsg x Q — R3 is the velocity vector, and p : Rsg x  — R is the pressure.
We consider perturbations (u, p) to the steady solution (U, P), which are constant in
one of the directions, say x,,, m € I, i.e., 0,, = 0. Let Iy = I — {m}. The perturbations

are described as

u=u+U, p=p+ P, (6.2)
where (U, P) satisfy
1
0 = §V2U—U-VU—VP+FU,
0 = V.U. (6.3)

Substituting (6.2)) in (6.1)) and using (6.3, we obtain the perturbation dynamics

du = Rivzu—u-Vu—U~Vu—u-VU—Vp+Fu+d,
e
0 = V-.u. (6.4)

In the rest of the chapter, we study the properties of PDE (6.4). We concentrate on pertur-
bations with no-slip boundary conditions u|sq = 0 (the fluid has zero velocity relative to
the solid boundaries) and periodic boundary conditions (in the the direction with symmetry

in the flow).

6.2 Flow Stability and Input-Output Analysis Using Dis-
sipation Inequalities

Our analysis of the nonlinear flow model (6.4) is based on dissipativity theory for systems
described by PDEs as outlined in Chapter 4 Next, we define the stability and input-output
properties of interest. We use several terms from the hydrodynamics literature. Nonethe-

less, the connection to the input-output properties discussed in Chapter 4 will be clarified
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whenever needed.

We study exponential stability of perturbation velocities.

Definition 6.2.1 (Exponential Stability) Let py € R3. The stationary solution (0, p,)
of (6.4) with d = 0 is exponentially stable in the L%-norm, if there exist X > 0 and

c > 0, such that forallt > 0
let, )17 < cllu(0,)[[72e™™. (6.5)

That is, system (6.1]) converges to the base flow (U, P) satisfying (6.3)).

If the perturbation velocities are exponentially stable, we can study bounds on the max-
imum energy growth from initial conditions. In the context of linear systems, this corre-

sponds to maximum transient growth [123].

Definition 6.2.2 (Energy Growth Boundedness) Letr d = 0 in (6.4). There exists a con-

stant vy > 0 such that

lallZe < AP[l(0, )7 (6.6)

[0,00).2
The energy growth bound inequality given in (6.6) determines how much the energy of
initial perturbations is amplified. The minimum ~ such that (6.6) holds provides an upper-
bound to maximum energy growth for the flow. The next property of interest is related to

amplifications from body forces or inputs rather than initial conditions.

Definition 6.2.3 (Worst-Case Input Amplification) For somen; > 0,1 € I,

T S 1 (67)

0),Q
i€l
subject to zero initial conditions u(0,x) = 0, Vx € (L.

The above property is equivalent to the induced £2-norm. Due to nonlinear flow dy-

namics, the actual induced £2-norm of system is a nonlinear function of ||d|| 2 g
100),
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(see Example [4.5.3). The quantities 7;, ¢ € I provide upper-bounds on the actual induced
L2?-norms.

The definition of the worst-case input amplification requires the inputs (or forcings)
to be square integrable. This automatically leads to the exclusion of persistent forcings,
such as constant forcings and sinusoidal forcings that are defined for all time. To include
these classes of forcings as well, we employ input-to-state stability. In this case, the only

requirement on the forcings is that they should be upper-bounded.

Definition 6.2.4 (Input-to-State Stability) For some scalar ¢ > 0, functions j3, B, X €
Koo, and o € K, it holds that

lut, Ve < 6 (e (0, )llz3)) +6<sup ([ o) cm)), (6:8)

T€[0,¢)

forallt > 0.

The ISS property (6.8) implies the exponential convergence to the base flow (U, P) in

E?z when d = 0. Moreover, as t — 0o, we obtain

fin u(t g < 6 ( [ 100Dl a2) < 5 ( [ otldt0leg.) a2).
(6.9)

wherein, the fact that o, 5 € K is used. Hence, as long as the external excitations or body
forces d are bounded in the E‘[’(ioo)—norm, the perturbation velocities w are bounded in the
L3-norm.

The next result converts the tests for exponential stability, energy growth boundedness,
worst-case input amplification (induced £2-norms), and ISS into verifying a set of dis-
sipation inequalities, thanks to dissipativity theory, which allows for the analysis of the

nonlinear flow model.
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Theorem 6.2.5 Consider the perturbation model (6.4)). If there exist a positive semidefinite
storage functional V (w), positive scalars {n; }icr, {¢i}icq1,2,3), ¥, and functions By, B2 €

Koo, 0 € IC, such that

I) whend = 0,
allu(t, )zg < V(u) < eoflult, )z, (6.10)
dV (u(t, x))
—— 7 < —aslult )iz, (6.11)

then, system (6.4) is exponentially stable.

Il) when d = 0, the system is exponentially stable and

V(u) < 7°[lu(t, )7, (6.12)

dV (u(t,x))

< —/ u'(t, x)u(t,x) dS, (6.13)
dt Q

then, it has bounded energy growth as given by (6.6).
1)

“ @ ier

then system has induced L*-norm upper-bounds n;, i € I as in (6.7).

1V)
Bulllult. ey) < V) < Balllalt. ey, 6.15)
w < =YV (u(t,x)) + /ch(]d(t,x)D ds2, (6.16)

then system (64) is ISS and satisfies (6.8) with x = fs, § = 7 0 2and f = 7' o %

Proof: Items I, III, and IV are direct applications of Theorem [3.3.1| in Chapter [3| and
Theorem [{.1.5]in Chapter 4] For Item II, integrating both sides of (6.13) with respect to
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time from 0 to oo yields

V(u(oo,x)) = V(u(0,x)) < —fulz

)

Since the system is exponentially stable, u(co,x) = 0 and therefore V (u(co,x)) = 0.
Thus, we obtain

~V(@(0,%)) < —ul

)2

Multiplying both sides of the above inequality by —1 yields

Applying (6.12), we get

Pul0, ) = V(w(0,) > fulfs

),

which is identical to (6.6). O
In this following, we derive classes of storage functionals V' (u) suitable for the analysis
of perturbation dynamics (6.4)) constant in one of the three spatial coordinates. We consider

two classes of flows, namely, channel flows and pipe flows.

6.2.1 Channel Flows: Cartesian Coordinates

In Cartesian coordinates, for a scalar function v, Vv = ZZ &Civ?i and Vv = Zz 832,1;,
where ?i is the unit vector in the direction z;. For a vector valued functionw = ), wi?i,
the divergence V - w is given by V - w = > . 0,,w;. In the following, {1, z2, x3} cor-
responds to {z,y,z} and I = {1,2,3}. Additionally, we adopt Einstein’s multi-index

notation over index j, that is the sum over repeated indices j, e.g., vj&rj up =y, ; v]@zj ;.
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The perturbation model (6.4) can be re-written as

1
8tui = EVQUZ — uj&ﬂjui — Uj&,;jui — ujf)iji — 8%]? + Eju]' + di,
0 = yu;. (6.17)

where 7,7 € [ and Fj; is the (¢,7) entry of F.  To simplify the exposition, without
loss of generality, we assume that the perturbations are constant with respect to x;. Since
x;, © = 1,2, 3 are arbitrary, this does not affect the formulation. This assumption is used
so that the presentation of the proof of Proposition [6.2.6] becomes more compact.

The next proposition states that, by choosing a suitable Lyapunov/storage functional
structure, the time derivative of the Lyapunov/storage functional turns out to be a quadratic
form in the dependent variables w and their spatial derivatives. This property paves the way

for a convex optimization based method to check stability and input-output properties.

Proposition 6.2.6 Consider the perturbation model subject to periodic or no-slip
boundary conditions ulgq = 0. Assume the velocity perturbations in (6.17) are constant

with respect to xy. Let Iy = {2,3} and

V(u) = %/ﬂu’@u ds?, (6.18)

g1 00
where () = [ 81 e 0 ] >0, gi = qj fori # j, i,j € Iy, be a candidate Lyapunov or storage
45

functional. Then, the time derivative of (6.18) satisfies

C(Q2
i€l

(6.19)

where C' > (.
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Proof: The time derivative of Lyapunov functional (6.18)) along the solutions of

can be computed as

1 2
oV(u) = Z/qu(ﬁuiv Ui — Ui O U

icl

Consider fQ qiuju;Oy u; d€2. Using the boundary conditions, integration by parts and the

incompressibility condition d,,u; = 0, we obtain

1
/ qlu]uzax]uz dQ) = —/
Q 2 Q

Consider the pressure terms fQ qiu;O0,,p dS2. Since the perturbations are assumed constant

1
qiujuﬂagj dx; — 3 / quu? (8xjuj) dQ = 0.
; Q

K3

in z1, we have

/ (Q2U28x2p+ QSU?)aacgp) df
Q
:/ (QQU2p)|892 d:B3+/ (Q3u3p)|393 dl"z—/(qﬁxzwp%—qg@%u;;p) dQ
Q3 Qo Q

= _/ (q28x2u2 + Q38m3U3)p an (621)
Q

where, in the first equality above, we use integration by parts and, in the second inequality,
we use the boundary conditions. Then, if ¢ = g3, using the incompressibility condi-
tion O,,us + Opuz = 0, (6.21) equals zero. Therefore, the time derivative of the Lya-

punov/storage functional (6.20)) is modified to

1
Q

- &
el

(6.22)
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Integrating by parts the u;V?u; term and using the boundary conditions, we get

-1

(6.23)
Applying the Poincaré inequality to (6.23]), we obtain (6.19). U

Remark 6.2.7 A special case of was used in [56|] to study the stability of viscous
flows (subject to streamwise constant perturbations) in pipes and between rotating cylin-
ders. The authors referred to this structure as the two energy function. In the formulation
presented in this chapter, assuming constant perturbations in the x-direction, we can rep-

resent the two energy function as

where ¢ > 0 is a constant. The “optimal” value for this constant was then calculated

analytically for the pipe Poiseuille and the rotating Couette flow.

In the sequel, we use structure (6.18)) as a Lyapunov functional when studying stability
and as a storage functional when studying input-output properties.
The next corollary proposes integral inequalities under which properties such as stabil-

ity, energy growth bounds, input-state induced £? bounds and ISS can be inferred for the

flow described by (6.17).

Corollary 6.2.8 Consider the perturbation dynamics described by subject to pe-
riodic or no-slip boundary conditions u|sq = 0. Assume the velocity perturbations are
constant with respect to x1. Let 1y = {2,3}. If there exist positive constants q;, i € I, with

¢ = qj, 1,J € Lo, positive scalars {1; }ic1, {n}ticr, and o € K such that
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I) whend = 0,

Sa

i€l

Q
Cf(i >U? + Ujuiﬁxjui + uju,;(?mj Uz — ul-Fijuj) dQ) > O, (624)

e

Il) when d = 0,

C(Q
> / ((q () 1) u?+qujuiamjui+qiujuiaiji—qiuiFijuj) dQ >0, (6.25)
Q

Re
icl

1)
C(Q
E / < <q cl) — 1) uf + q:Uju;04 1,
- Q Re J
i€l
+ qiujui0y, Uy — qiui Fijuy — qiugd; + U?d?) dQ2>0 (6.26)
v)

7:;C(Q
Z/Q ( (% - %%) UZQ + QinUiaiji + Qiujuiaxj U — QiUiFijUj

el

— quuid; + J(\d!)) Q>0 (6.27)

Then,

1) perturbation velocities given by are exponentially stable. Therefore, the flow con-
verges to the base flow exponentially.

1l) system has bounded energy growth as described by (6.6) with v* = max;c; ¢
III) under zero perturbation initial conditions w(0,x) = 0, the induced L*-norm from in-
puts to perturbation velocities is bounded by n;, i € I as in (6.7).

IV) the perturbation velocities described by are 1SS in the sense of (6.9).
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Proof: Each item is proven as follows.
I) Considering Lyapunov functional (6.18)), inequality (6.10)) is satisfied with ¢; = min;¢; g;

and c; = max;¢s ¢;. Re-arranging the terms in (6.24) gives

o[ (G

el

U» + Ujuiazjui + ujuiaxj Uz - UiFijuj - uld2> dQ) < 0. (628)

Then, from Proposition [6.2.6] we infer that, for d = 0, 9,V (u) < 0. By continuity, we
infer that there exists c3 > 0 such that (6.11)) holds. Then, form Item I in Theorem
we infer that the perturbation velocities are exponentially stable.

IT) Given storage functional structure (6.18)), we have

V(ult,x) < Ar(Q) / w'u dY,

Q

where Aj/((Q)) denotes the maximum eigenvalue of ). Since () is diagonal, we have
A (Q) = max;er q;. Therefore, (6.12)) is satisfied with v* = max;c; ¢;. Re-arranging

terms in (6.25) yields

—Z /( u + UjuiOp, ui + uju;0p, Us — uj> dQ<Z/“' dsQ.

i€l el
Applying Proposition [6.2.6| with d = 0, we obtain
)<y / u? d.
el

Thus, inequality (6.13) is also satisfied. Applying Item II from Theorem [6.2.5] we infer

that the system has bounded energy growth.
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IT) Re-arranging terms in (6.26)) yields

c(Q

i€l
< —Z/uf dQ+Z/n§d§ A (6.29)
Q Q

iel iel
Then, from (6.19) in Proposition we deduce that
AV (u) < —Z/ u? dQ+ Z/ n2d? d).
iel 7§ el /9

From Item IT in Theorem|[6.2.5] we infer that, under zero initial conditions, the perturbation

velocities satisfy (6.7).
IV) Adopting (6.18) as a storage functional, (6.13) is satisfied with £;(-) = mine; g;(+)?
and 35(-) = max;cr ¢;(+)%. Re-arranging the terms in (6.27)), we obtain

C (82
_ Z/ (q R(e )u? + qu]uzax]ul + qiujuﬁxj Uz — QiuiFijuj — Q’Luzdz) dQ
ier /9

<=0 [ aui a0+ [ o(id) a0 630
el

From (6.19) in Proposition [6.2.6] it follows that

0,V (u) < =V (u) + /Q o(|d]) d, 6.31)

with ¢ = min;c; ;. Then, from Item III in Theorem [6.2.5] we infer that the perturbation

velocities satisfy the ISS property (6.8). O

6.2.2 Pipe Flows: Cylindrical Coordinates

We now turn our attention to flows in cylindrical coordinates (7, 6, z). In cylindrical coordi-

_)

nates, the gradient and Laplacian operators are, respectively, defined as V.(-) = 0,(-) € +
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10p()€ o+ 0.(-) €, and V2(-) = 19, (r9,(-)) + L92(-) + 92(-). The Navier-Stokes equa-

T

tions in cylindrical coordinates are then given by

1 Uy 2 02
Oty = — (V2 — = — Z0ptig | — @ Veity + -2 — 0,5+ F'@i + d,
Re r2  r2 r
N 1 9_ Ug 2 _ B UgUy 1. o
Oty = — | Vitug — — + =0l | — @ -V, g — — ~0pp + Fyu + dy
Re rz = r2 r
1
Orii: = Vil = @- Vel — 0:p + Fli +d.
e
1 1
0 = -0, (ra,) + -0ty + 0,u,, (6.32)
r r
where @ = (i,, Ui, @i,) and [F} Fj F.]' = F € RS,

In this section, we consider the flow perturbations that are constant in z-direction. The
base flow is given by U = U, (r, 6’)?Z and P. For such flows, substituting @ = v + U

and p = P + pin (6.32), the perturbation dynamics is obtained as

1 ugOpty U u 20yug
oy = —V2u, —u O, — =200y L0 I S 5t Flu+d,,
t Re » et ot r * r  12Re 12Re pbyut
1 Ugagug UrUp Up 289U9 1
0 = —V%uy — u,0rupy — - — — -0 F) dg,
1 Ug Re “Up — UrOrUg . . 2Re  12Re 7 op + Lpu + dg
1 0pU,, O,
o, = —Vu, —u.0u, —u.0,U, — Yo% m _ Ue%t + Flu+d.,
Re r r
0 = 0.(ru.)+ Oguy, (6.33)

wherein u = (u,, ug, u,)’.

Proposition 6.2.9 Consider the perturbation dynamics in cylindrical coordinates (6.33))
with periodic or no-slip boundary conditions u |9so= 0. The time derivative of Lya-

punov/storage functional

V(u):%/g ] [Sa o] [#] rarde. (634)
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with q, = qq, satisfies

.C . C
4 u? + q—@gUmueuZ + B> 2

_—u
Re * r Re °

9V (u) < —/ e

»C
(q UE + QzarUmuruz +
Q

- QTUTF'//*U - qOUOFelu - QZUZF;U/ - un’l’dT - Qeuede - q,zuzdz> rdrdé’, (635)
where C' > 0.

Proof: The time derivative of the Lyapunov/storage functional (6.34) is given by

@V(u) = / ( - TQT‘UEGTUT - QTU'TUOaGUT + QTUTUZ - TQTarpur
Q

QTU/% _ QQTUT a€u9

Rer rRe

+ %rurvzur -

+ qru.Flu + qrrurdr> dOdr

+ / ( — 1, upO, g — Gty UpOptl, — Gty — qpOpPig
Q

 qouj | 2ge0pusug
rRe rRe

@
Re

+ rugV2ug + qorugFyu + QQTUng) drdf

+ / ( — T U U 00Uy — TG U U0 Uy — q.0pUn g, — @t 0,
0

+ ]i—zruzvzuz + qru Flu + qzruzdz) drdf. (6.36)
e

From the incompressibility condition 0,(ru,) + Jpug = 0 and the fact that ¢, = gy, wWe

obtain

/ (_TQTarpur - QG89pu9) drdf = / (qrar(rur)p + anGUP) drdf
Q Q

= / ¢p (0r(ru,) + dpu) drdd =0. (6.37)
Q

where, in the first equality above, we used integration by parts and the boundary conditions.

Furthermore, using integration by parts, boundary conditions and the incompressibility
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condition it can be shown that

/ (_rqruqznarur - qrurueaeur) drdf :/
Q

2 2
<qruT O (ru,) + %&8gu9> drdf = 0,
Q

2

/ (—rqeurueﬁrue — q@ugagu@) drdf —/
Q

2 2
(%@(TUT) + %89119) drdf = 0,
o\ 2 2

2
U,

a > am) drdf = 0,

/ (_TQZuruzaruz - qZUQUZagUZ) drdf :/
Q

2
(qzuz O, (ru,) +
Q 2

and

2¢,u, Opug  2qeOpurug / 2,
- - drdf) = —u,0, Ogttg) drdf = 0.
/Q ( rRe rRe " o T Re (—u,Ogug + u,Oguy) dr

Then, the time derivative expression (6.36) simplifies to

2
o q’r‘ 2 o QTur /
oV (u) = /Q (—Rerurvcur Ror + ¢ ru.Flu + qrrurdr) dfdr

02
+ / (%ruevgu@ - % + gorugFyu + qgru@dg) drdf
Q

+ / ( — rq.u,u,0.U,, — q.0gUupu, + ;—Zruzvﬁuz + gru Flu + qzruzdz> drd®.
Q (¢

(6.38)

Factoring out r yields

2
dr 2 QTU’T /
8V = - Wy r o r rF r ’r‘dr ded
V() /Q(Reuvcu r2Re+qu U+ gru )r T

2
do 2 GoUy /
—ugViug — ugFpu ugdy | rdrdf
+/Q(Reaco r2Re+qe99 +CJ990)
+ / ( - q,zuruzarUm - %aGUmuéuz + ;_zuzvzuz + q;:uzF;u + QZuzdz) rdrdf.
Q T e

(6.39)
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qoul
2

r?Re

. 2 . .
Since the terms %z and are non-negative, it follows that

q0
Re

e

V?
Ug CUQ—|— Re

OV (u) < /

(ﬂurvgur +
Q

uzv?;uz - QZuruzarUm - %aGUmuﬂuz
Re r

- (:ZT‘U’TF;’U’ - C]eUaFéu - QzuzFéu - q?"quT - Qeuede - q,zuzdz> rdrdf
dr 2 4o 2 q- 2 q-
= — —|Vou,|* + =—|Veugl® + =|V.u,|* + qu,u,0,.U,, + —=0pU,, ugu,
(¥l + Vel + T+ 0400
- unT‘F'r/'u - qGUQFelu - q,zuzF;u - qT‘quT‘ - Q9U9d9 - q,zuzdz> rdrd@, (640)

where in the last equality above integration by parts and the boundary conditions were used.

Applying the Poincaré inequality (Lemma ), we obtain (6.35)). O

6.3 Convex Formulation for Streamwise Constant Pertur-
bations

In this section, we show that the input-output analysis problem for the class of streamwise
constant perturbations can be converted into a set of matrix inequalities. These matrix in-
equalities can be solved by convex optimization, provided that the base flow is a polynomial

in the spatial coordinates and the flow geometry is a semi-algebraic set.

6.3.1 Convex Formulation: Channel Flows

To present a convex method for checking the conditions in Corollary [6.2.8] we restrict
our attention to streamwise constant perturbations in the z;-direction with base flow U =

Um(X)?l.

Corollary 6.3.1 Consider the perturbation dynamics given by (6.17)), that are constant in
the streamwise direction 1 and with base flow U = U,,(x) €. Let Iy = {2,3}. If there

exist positive constants {q }icr with ¢; = q;, 1,5 € Io, {mtier, {Wi}ier, and functions
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{Ul}le[ such that

1)

(% - Fn) a1
q1(0z; Um (x)—F1;)—q; F'j1

2
q1(0a; Um (x)—F14) —qi Fil
2
Il) when d = 0,
1)
N(x) =

fori,j € ly,i# jandx €

IV)o(x) >0, xeQ 1 €

fori,j € Iy, i # jand x € ), where W = [
0 0

Viqi
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QI(amj U’m(x)_Flj)_qujl q1(6inm(X)—F1i)—tii1
2 2
i
(% = Fis) 4 —s 20,
5 Ej
—ian (£ - Fi)a
1,] € Ig, i # j, x € Q. (6.41)
M (x) —I3x3 >0, x € Q, (6.42)
%0 0]
M(X) - I3><3 0 —q?] 0
I —
ffffff 2 > ), (6.43)
-5 0 W 0 0
0 —% 0 0 7]2-2 0
o0 %0 0
Q,
I and
e 0 0]
M(x)—-W 0 —% 0
0 0 -t
B e >0, (6.44)
-4 0 0 ioi(x) O 0
0 L 0{ 0 ojx) 0
| 0 0 -0 0 o4(x)
Pigt 0 0
0 vjq; 0 ] Then, it follows that



I) the perturbation velocities are exponentially stable,

II) the system has energy growth bound v* = max;cs q; as described by (6.6),

III) subject to zero initial conditions, the induced L? norm from inputs to perturbation
velocities is bounded by n;, © € I as in (6.7),

IV) the perturbation velocities are ISS in the sense of with o(|d|) = >, oi(x)dZ.

Proof: The proof is straightforward and follows from computing conditions (6.24)-([6.27)
considering perturbations that are constant in 1, the base flow U = U,, €, and o(|d|) =
>ier 0i(x)dZ. Since the flow perturbations are constant in z; and the base flow is given by
U = U,, @1, we have Uju;0,,u; = 0, € 1.

I) Inequality (6.24) is given by

SN

c(Q
+ ( f(ie) - Fjj) qjui — ui(g;Fji)ui — ui(g;Fj)w

- Fm) Qiu? - Uz’(Qin‘j)U]’ - ui(QiEl)ul

Q

fori,j € Iy, i # j, which can be rewritten as
ul ! ul
/ [u] M(x) [u} dQ > 0. (6.46)
Q

with M (x) given in (6.41). Therefore, if (6.41)) is satisfied, also holds and from

Item I in Corollary [6.2.8] we infer that the perturbation velocities are exponentially stable.

IT) The proof follows from the proof of Item I. Inequality (6.25)) can be re-written as

/Q[%IM(’Q ] dQ_/Q [%H%] dQ > 0. (6.47)

Thus, if inequality (6.42)) holds, inequality is satisfied. Therefore, from Corol-
lary we infer that the energy growth is bounded.
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II) Inequality (6.26) is changed to

Q Q

+ / (R 1 2 ) A2 >0, (6.48)
Q

fori,j € Iy, @ # j, which can be rewritten as

uy v/ Ul
/ i | Nx) |a| do>o0, (6.49)
Q| d d;

d; d;

where N is defined in (6.43). Consequently, if (6.43)) is satisfied for all x € €, (6.49) holds
and from Item II in Corollary we infer that, subject to zero initial conditions, the
induced £2-norm from inputs to perturbation velocities is bounded by 7;, i € I as in (6.7).

IV) The proof follows the same lines as the proof of Item III above. U

When U,,(x) € R[x], inequalities (6.41)-(6.44) are polynomial matrix inequalities that

should be checked for all x € €. If the set € is a semi-algebraic set, i.e.,
Q={xeR?’|gx) =0, frilx)>0,1=1,2,...,L, k=1,2,... K},

where {g;}F, € R[x] and {fx} X, € R[x], then these inequalities can be cast as a SOS

program by applying Corollary [2.3.4]

We are interested in estimating bounds on the maximum energy growth of the flow
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under study. To this end, we solve the following optimization problem

min | max g,
{aitier \ i€l

subject to
M(x) —I3x3 > 0,

q>0,i€el. (6.50)

In order to find upper-bounds on the induced £*-norm from the body forces or distur-

bances d to the perturbation velocities u, we solve the following optimization problem

min Y, 07
{gi}ier
subject to
N(x) =0,

q>0,i€el. (6.51)

6.3.2 Convex Formulation: Pipe Flows

Similar to the case of channel flows, in the following, we propose a convex formulation for
pipe flows. The method relies on inequality (6.35). Note that for cylindrical coordinates
I'={r,0,z}and I, = {r,0}.

Corollary 6.3.2 Consider the perturbation dynamics given by (6.33)), streamwise constant
in the z-direction with base flow U = U,,(r, 6)?2. Suppose that there exist positive con-

stants {q }1e1 with ¢, = qo, {1 }1e1, and functions {0}, such that
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M.(r,0) =

9 U.
%(QZarUm_QTFrﬁ_QZFz,I) % <¥_Fz,2)_q9F0,3

(%_ r,l)‘]w' _%<
—3(arFra+aoFy2) (

quFT72+ng9,2) > O,

%—Foz)qg

(%_Fzﬁ)QZ
%(‘ZzarUm_QTFr,?,—Qze,l)

2yU.
z (%—Fm)—qgl’eg

(r,0) € Q. (6.52)

11) the system is exponentially stable when d = 0 and

M, (r,0) —I3x3 >0, (r,0)€Q, (6.53)
1)
_ s 0
MC(T, 9) 13><3 0 —% O
0o -
N1, 8) = |- >0, ,0) € €, 6.54
N 0 0 inm2 0 0 0) (€%
0 —L 0 0 72 0
| 0 0 %410 0 n |
IV) oy(r,0) >0, (r,0) € Q, 1l € I and
_ s 0 0
M.(r,0) — W, 0 - 0
0 0 —&
Zo(7,0) = | oo >0, ,0) € Q,
(r,9) s 0 0 [o.(r6) 0 0 (r.9)
0 -Z 0: 0 o((r8 0
| 0 0 —L 0 0 oy(r,0) ]
(6.55)
[¢2q: 0 0
where W.= | 0 «rq. 0 |. Then, it follows that
0 0 vgqo

I) the perturbation velocities are exponentially stable,
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Figure 6.1: Schematic of the Taylor-Couette flow geometry.

1I) the flow has bounded energy growth v* = max(q,, qp, q.) as given by (6.6),
I1I) subject to zero initial conditions, the induced L* norm from inputs to perturbation
velocities is bounded,

1V) the perturbation velocities are ISS in the sense of (6.8) with o(|d|) = ,; ou(r,0)d}.

Note that, depending on 9yU,,, M. and therefore N, and Z. can be functions of %
Then, inequalities (6.52)-(6.55) become intractable. To circumvent this problem, since r
is positive, we can multiply (6.52))-(6.55) by positive powers of r making the resulting

inequalities solvable by convex optimization methods.

6.4 Examples

In this section, we illustrate the proposed method by analyzing four benchmark flows,
namely, Taylor-Couette flow, plane Couette flow, plane Poiseuille flow and Hagen-Poiseuille

flow.
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6.4.1 Taylor-Couette Flow

We consider the flow of viscous fluid between two co-axial cylinders, where the gap be-
tween the cylinders is much smaller than their radii. In this setting, the flow is schematically
illustrated in Figure The axis of rotation is parallel to the x3-axis and the circumfer-
ential direction corresponds to x;-axis. Then, the dynamics of the perturbation velocities
is described by (6.4). The perturbations are assumed to be constant with respect to z;

(0, = 0) and periodic in x5 with period L. The domain is, therefore, defined as

= {(ZEQ,J]?,) | (ZEQ,J]g) € (—1, ].) X (07L)}

The base flow is given by U = (x9,0,0) = 15¢, and P = P,. In addition, F =

0 RoO ) . — .
[—(1)%0 80 8] , where Ro € [0, 1] is a parameter representing the Coriolis forc Notice
that the cases Ro = 0,1 correspond to the Couette flow. We consider no-slip boundary

conditions w|;,__, = 0 and u(t, x5, x3) = u(t, 2,23+ L). The Poincaré constant is then

2

givenby C' = 75.

We are interested in finding estimates of the critical Reynolds number Rec using the

following Lyapunov functional

V L 1 w1/ Tqr O 8 w1 d d
- u 0 2 U
(U) /0 /—1 |:u§i| [0 % qz] [“g} 1203,

which is the same as Lyapunov functional (6.18]) assuming invariance with respect to x;.

For stability analysis, we need to check inequality (6.41)) according to Item I in Corol-

2 That is, Ro = 0 (Ro = 1) corresponds to the case where only the outer (inner) cylinder is rotating and
Ro = 0.5 is the case where both cylinders are rotating with the same velocity but in opposite direction.
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Figure 6.2: Estimated critical Reynolds numbers Re in terms of Ro for Taylor-Couette
flow.

lary[6.3.1] For this flow (m = 1, j = 2,i = 3), we have

aC g2Ro—q1(Ro—1) 0
Re 2
M = %ﬂ%—ﬂ q]é_g o | >0. (6.56)
C
0 0 e

This is a LMI feasibility problem with decision variables ¢;, g2 > 0.

Let L = w. Figure[6.2]illustrates the estimated lower bounds on the critical Reynolds
numbers Rec as a function of Ro obtained from solving the LMI (6.56) and performing
a line search over Re. These quantities are obtained by fixing [Ro and increasing e until
LMI (6.56) becomes unfeasible. Notice that for the cases Ro = 0, 1 the flow is stable for
all Reynolds numbers.

For induced £2-norm analysis, we apply inequality (6.43]), which for this particular flow

is given by the following LMI
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Figure 6.3: Upper bounds on induced £2-norms from d to perturbation velocities u of
Taylor-Couette flow for different Reynolds numbers: Re = 2 (left), Re = 2.8 (middle),
and Re = 2.83 (right).

with M as in (6.56).

—e 0 0

M —Tas 0 -2 0
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, 0 0 -%
— 0 f{m 0 0
(— 0B 0
| 0 0 -%{0 0 ni|

>0

Figure [6.3] depicts the obtained results for three different Reynolds numbers. As the

Reynolds number approaches the estimated Rex for Ro = 0.5, the upper-bounds on the

induced £2-norm from the body forces d to perturbation velocities u increase dramatically.

In order to check the ISS property, we check inequality (6.44)) from Corollary [6.3.1] for

the Taylor-Couette flow under study, i.e.,

—4a0 0

M-Q 0 -2 0

0 0 -2

—o 0 0 or 0 0
0 -2 0.0 o 0

0 0 -2 0 0 oy
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b\

Figure 6.4: Schematic of the plane Couette flow geometry.

11 0 0
with M given in (6.56) and Q) = {qg qgabz (L } We fix 1; = 1074, i = 1,2,3 and
q2vP3

L = 2m. Numerical experiments show that, for Ro € (0,1), the maximum Reynolds
number for which ISS certificates could be found Re;ss and Res coincide. The limiting

cases o = 0, 1 will be discussed in the next example.

6.4.2 Plane Couette Flow

We consider the flow of viscous fluid between two parallel plates, where the gap between
the plates is much smaller than the length of the plates as illustrated in Figure [6.4]

We consider no-slip boundary conditions u|,__, = 0 and u(t,y,z) = u(t,y,z + L).

2

The Poincaré constant is then given by C' = T
We are interested in finding estimates of the critical Reynolds number Rec using the

following Lyapunov functional

V(u):/OL/ll [ZH% qzqg} 3] ayas, (6.57)

with ¢, = ¢., which is the same as Lyapunov functional (6.18)) considering invariance with
respect to x.

For stability analysis, we need to check inequality (6.41)) according to Item I in Corol-
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lary [6.3.1] For this flow (m = z,j = y,i = 2), we have

‘Re 2
M=|z #¢ (|>0 (6.58)
0 0 %

This is a LMI feasibility problem with decision variables g,, g, > 0.

To find estimates of Rec, applying Schur complement [[19, p. 650] to (6.58]), we have

C  (q:\? [ Re q,C
(&) (22 >0, B2 >
Re (2) (qu) — 7 Re — 7

which yields the inequality

2
Z—y > (f-é) . (6.59)

This implies that the Couette flow subject to constant perturbations in the streamwise di-
rection is stable for all Re. Hence, for Couette flow, Rec = oo obtained using Lyapunov
functional (6.18) coincides with linear stability limit Re;, = oo [101]].

Let L = m. For energy growth analysis, we solve optimization problem with
M given by (6.58). The results are depicted in Figure [6.5] For small Reynolds numbers
7v? oc O(Re), whereas for larger Reynolds numbers 72 oc O(Re?). Therefore, it can be
inferred that 42 = ¢y Re + ¢ Re® with ¢, ¢; > 0. This is consistent with the results by [13]]
where the maximum energy growth of steamwise constant (nonlinear) Couette flow was
calculated analytically.

For induced £?-norm analysis, we apply inequality (6.43) which for this particular flow

is given by the following LMI
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Figure 6.5: Upper bounds on the maximum energy growth for Couette flow in terms of
Reynolds numbers.

% 0
M-Tys 0 =% 0
0 0 -2
N - ’"”q7q37"’""""""""""”"%""’2’ ”””””””””” > O
—L 0 @ 0 0
0 % 0.0 7
| 0 0 2.0 0 9|

with M as in (6.58).

The obtained upper-bounds on the induced £?-norm for Couette flow are given in Fig-
ure Since the flow is stable for all Reynolds numbers, the induced £2-norms are mono-
tone with Reynolds number. The obtained upper-bounds depicted in Figure[6.6/imply 72 =
apRe* + a1 Re3, 7}3 = byRe®+b; Re* and n? = coRe* + c1 Re* with ag, aq, by, b1, co, c1 > 0.
The obtained upper-bounds depicted in Figure [6.6] can be compared with Corollary [D.0.2]

(see Appendix D), wherein it was demonstrated that 12 = fyRe?, n? = goRe? + g Re* and
© y
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Figure 6.6: Upper bounds on induced £2-norms for perturbation velocities of Couette flow

for different Reynolds numbers.

n? = hoRe* + hy Re? for the linearized Couette flow with fy, go, g1, ho, b1 > 0.
In order to check the ISS property, we check inequality (6.44) from Corollary [6.3.1] for

the Couette flow under study, i.e.,

500
M-W 10 —% 0
0 0 %
Y R T >0
=0 0ie, 0 0
0 -% 0.0 o 0
0 0 -%Zio 0 o, |
. o G 00
with M given in (6.38) and W = [ 8 qyéby (L } We fix 1; = 107%, ¢ = 2,9,z and
Qy¥Pz

L = 2. In this case, we obtain Rejss = 316 and Rec = co. The quantity Rejss = 316
is the closest estimate to the empirical Reynolds number Re ~ 350 obtained by above

which transition to turbulence is observed. In this sense, it turns out that the Re;gg gives
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Figure 6.7: The perturbation flow structures with maximum ISS amplification at Re = 316.

lower bounds on the Reynolds number above which transition occurs.

In order to understand this ISS result, we carried out numerical experiments to ob-
tain the flow structures that receive maximum amplification in the sense of ISS. The ex-
periments were undertaken for the linearized Navier-Stokes equation through the Orr-
Somerfield equations. Appendix |C| discusses the details of these numerical experiments.
Notice that these results are based on solving LMIs that ensure ISS for the ODE space-
discretizations of the Orr-Somerfield equations. This is carried out by making a 50 x 50
grid on the wave number space k, — k. (k,, k. € [0, 150]) and running the LMIs for each
point in the grid. Then, the wave numbers corresponding to the maximum ISS ampli-
fication are selected (especially, we are interested to find k, corresponding to maximum
amplification, as this is the streamwise direction) and the corresponding flow structure is
simulated. It turns out that the maximum ISS amplification corresponds to the streamwise
constant case k, = 0. Figure illustrates the flow structures that receive maximum ISS
amplification at Re = 316.

It is also worth mentioning that certificates for ISS of the linearized Navier-Stokes
equation, as discussed in Appendix [C| could be constructed for all Reynolds numbers,

which is in contrast to the nonlinear case.
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Figure 6.8: Schematic of the plane Poiseuille flow geometry.

6.4.3 Plane Poiseuille Flow

Similar to the plane Couette flow, we consider the flow of viscous fluid between two parallel
plates, where the gap between the plates is much smaller than the length of the plates.
Unlike the plane Couette flow, the plates are stationary and the flow is induced by a pressure
gradient in the flow direction, flowing from the region of higher pressure to one of lower
pressure. The flow geometry is depicted in Figure[6.8]

The domain €2 is defined as 2 = {(y,2) | =1 <y < 1, 0 < z < L}. The flow
perturbations are assumed constant in the streamwise direction z. The base flow is given

Az

by U = Up(y)€s = (1 —32) €, and P = 1 — He. We consider no-slip boundary

conditions w|,_ , = 0 and u(t,y, z) = u(t,y, z + L). The Poincaré constant is then given

by C' = \/LW;W We study the stability and the input-output properties of the flow using
the storage functional (6.57).

In order to check stability, we need to verify inequality (6.41)) according to Item I in
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Corollary [6.3.1] For this flow (m = x,j =y, = 2), we have

q}I{S —Y4z 0
M(y)=|-yq 2 0|20 ye(-L1). (6.60)

ne

0 o ¢

Using the Schur complement, we have

Re q,C
e (qu)zq—y >0, # >0, ye(-1,1).
)

That is, Z—: > (yTRe)Q for all y € (—1, 1) which is satisfied whenever

2
4 - (Be 6.61
q$—<c)‘ (6.61)

Hence, the plane Poiseuille flow with streamwise constant perturbations is stable for all
Reynolds numbers. Note that it is a known result that the Plane Poiseuille flow becomes
unstable to perturbations that are streamwise dependent or three-dimensional perturba-
tions [105]. Hence, the streamwise constant formulation does not provide a good estimate
for stability Reynolds number in this case.

To find upper bounds on maximum energy growth for the plane Poiseuille flow, we
solve the optimization problem (6.50) with M as given in (6.60). The results are illustrated
in Figure This implies that the maximum energy amplification is described by ? =
boRe + by Re?, with by, by > 0.

For induced £2-norm analysis, we use inequality (6.43)) which for this flow is given by

the following LMI

141



102+ -

1072 107" 10° 10’ 102
Re

Figure 6.9: Upper bounds on the maximum energy growth for plane Poiseuille flow in
terms of Reynolds numbers.

10 —1 ‘0 ‘1 ‘2
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Figure 6.10: Upper bounds on induced £?-norms for perturbation velocities of plane
Poiseuille flow for different Reynolds numbers.
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_ _%I 0 0
M(y)_l?)x?; 0 _%y 0
PO 0 —-%
N = | o 2. >0, e (—1,1),
-5 0 TR R
0 —%” 0 0 My 0
i 0 0 —%J 0 0 773 |

with M as in (6.60). The obtained upper-bounds on the induced £?-norm for the plane
Poiseuille flow are also given in Figure [6.10] Since this flow is stable for all Reynolds
numbers (as shown above), the induced £2-norms increases with Reynolds number. Form
Figure it can be inferred that 12 = agRe® 4 a1 Re®, 2 = byRe*? 4 by Re* and 17 =
coRRe? + ¢ Re* with ag, ay, by, by, ¢, 1 > 0.

For ISS analysis, we check inequality (6.44) from Corollary [6.3.1] for plane Poiseuille

flow, i.e.,
_ Le g 0
M(y) —W 0 -%
0 0o -z
Z = | g 1 >0, ye(-1,1)
—& 0 0 iax(y) 0 0
0 -% 0 0 o 0
0 0 -0 0 o]
=%z 0 0
with M given in and W = [ 0 ay (L } We fix ¢; = 1074, i = z,y, 2 and
Qy¥z

L = 2n. In this case, we obtain Rejss = 1855. The quantity Re;ss = 1855 can be
compared with the empirical Reynolds number at the onset of turbulence Re ~ 2000 as
discussed in [43]. Once again, we infer that Re;gg provides a lower bound for the Reynolds
number for which transition to turbulence occurs.

Analogous to the plane Couette flow, we undertook numerical experiments to find the
flow structures subject to maximum ISS amplification. Again, we found that the maximum

amplification corresponds to the streamwise constant case k, = 0. Figure illustrates
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Figure 6.11: The perturbation flow structures with maximum ISS amplification at Re =
1855.

\I 9// \
/ -
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Figure 6.12: Schematic of the Hagen-Poiseuille flow geometry.

the flow structures that receive maximum ISS amplification at Re = 1855.

6.4.4 Hagen-Poiseuille Flow

We consider the flow of viscous fluid driven by the pressure gradient in a pipe as illustrated
in Figure The domain € is defined as Q@ = {(r,0) |0 <r < 1, 0 < § < 27}.
The flow is invariant in the streamwise direction z. It was shown by [[104] that streamwise
constant perturbations are subject to maximum background energy amplification in pipe
flow. The base flow is given by U = U,,,(r) €. = (1 —r?) €. and P = 1 — 2. Then, the
perturbation dynamics is given by (6.33) with /' = 0 and U,,,(r) = 1 — 2. Moreover, we
assume no-slip boundary conditions w/|,—; = 0.

We consider the Lyapunov functional given in (6.34). Then, substituting U, and F
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in (6.52) yields

.C
L= —rq. 0

M(r)= |-rq, =C o |20, re(01). (6.62)
0o 0 %

Re
Applying the Schur complement, we obtain the following conditions for exponential sta-

bility

qzC 2R€ ng

—(rq, >0, — >0, 0,1).
Re (rg:) qr Re re0,1)

That is, Z—’z“ > (T—ge)g for all r € (0, 1) which is satisfied whenever

2
%2 (%) . (6.63)

Hence, given ¢, and ¢, satisfying (6.63), the Hagen-Poiseuille flow with streamwise con-
stant perturbations is exponentially stable for all Reynolds numbers, i.e., the linear stability
limit coincides with nonlinear stability limit.

In order to find upper bounds on maximum energy growth for Hagen-Poiseuille flow,
we solve optimization problem with M = M.(r) as (6.62). The results are illustrated
in Figure [6.13] The results imply that the maximum energy amplification is described by
4% = byRe + by Re?, with by, by > 0.

This tallies with the numerical experiments of [[104] on the transient growth based on

the linearized Navier-Stokes equations for the pipe flow.

Considering M. (r) as in (6.62)), inequality becomes

_%Z 0
MC(T) — 13><3 O _¢12r 0
0 0 —%
N(r) = |- FRRNSSEG—— Mo —— >0, re(0,1). (6.64)
—z 0 0 2 0 0
0 —& 0.0 72 0
| 0 0 —L00 0
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Figure 6.13: Upper bounds on the maximum energy growth for Hagen-Poiseuille Flow
flow in terms of Reynolds numbers.
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Minimizing 7%, n? and 73 subject to the above inequality provides upper-bounds on the
induced £2-norms for pipe flow. The results are depicted in Figure The interesting
conclusion from the figure is that the perturbations are amplified as 7> = agRe? + a1 Re?,
ng = boRe* + by Re?*, and n? = coRe? + ¢ Re* with ag, ay, by, by, co, ¢1 > 0.

Note that [S9]] just considered channel flows which does not include pipe flow.

For ISS analysis, the following polynomial matrix inequality

- 0 0
M.(r) — W. 0o —-% 0
0 0 -
Zo(1) = | e B >0, € (0,1), 6.65
v -5 0 0oy 0o | 2 reh 60
0 —& 0 0 o(r) 0
| 0 0 —L:0 0 oy(r)
Pzqz 0 0 . .
where W, = [ 8 'L/)TO(IT wo ] was checked. The maximum Reynolds number for which
040
certificates of ISS could be found was Rerss = 1614 using degree 10 polynomials in

0,(r),0e(r) and o,.(r). Remarkably, this is a lower bound to the Reynolds number for

which transition to turbulence was observed empirically by [87], i.e., Re ~ 1800.

6.5 Conclusions

We studied stability and input-output properties of fluid flows with constant perturbations
in one of the directions using dissipation inequalities. We proposed a class of appropriate
Lyapunov/storage functionals for such flows that lead to a quadratic representation of the
integrands of the dissipation inequalities. Conditions based on matrix inequalities were
given for streamwise constant flow perturbations. When the base flow was given by a poly-
nomial of spatial coordinates and the flow geometry was described by a semi-algebraic set,
the matrix inequalities were checked using convex optimization. For illustration purposes,

we applied the proposed method to study several flows.
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Figure 6.14: Upper bounds on induced £?-norms for perturbation velocities of pipe flow in
terms of different Reynolds numbers.

148



Chapter 7

Conclusions and Future Work

In this dissertation, we proposed methods based on convex optimization for the analysis of
systems described by PDEs. The analysis problems we considered included stability, input-
state/output properties, safety verification and bounding output functionals of PDEs. We
applied the stability and input-state/output analysis tools to problems from fluid mechanics.
Before closing this dissertation, we provide a summary of the contents and present some

directions for future research.

7.1 Summary

After a brief review of some mathematical preliminaries in Chapter 2, in Chapter |3] we
proposed a method for solving integral inequalities with polynomial integrands using con-
vex optimization. The method relied on a quadratic representation of the integrands and
an application of Fundamental Theorem of Calculus to account for boundary conditions.
We then used this method to check the integral inequalities encountered in the Lyapunov
stability analysis of PDEs.

In Chapter [ we studied the input-state/output properties of PDEs based on formulat-
ing a set of dissipation inequalities. In this respect, we considered passivity, reachability,

induced norms, and ISS. The formulation based on dissipation inequalities allowed us to
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investigate the properties of interconnections of PDE-PDE systems and PDE-ODE sys-
tems. In the case of polynomial data, we solved the dissipation inequalities using convex
optimization.

In Chapter [5] we considered the safety verification problem of PDEs. The proposed
analysis required the construction of barrier functionals satisfying two integral inequali-
ties along the solutions of a PDE. We further demonstrated that the problem of bounding
output functionals of PDEs can be addressed using barrier functionals. In the case of poly-
nomial data, we solved the associated integral inequalities and we constructed the barrier
functionals using SOS programming.

In Chapter [6] we applied the methods for stability analysis and input-output analysis
proposed in Chapters [3] and [4] respectively, to the input-output analysis problems of fluid
flows. Particularly, we studied flows with constant perturbations in one of the directions.
A suitable structure of the Lyapunov/storage functional led to a set of matrix inequalities
that can be checked via convex optimization in the case of polynomial base flow and semi-
algebraic flow geometry. The method was applied to the input-output analysis problems of

several channel and pipe flows.

7.2 Future Research Directions

In terms of the convex method to check integral inequalities, here, we treated integral in-
equalities defined over one dimensional domains. An extension has been made to integrals
over domains of two spatial dimensions, of which [127] reports some preliminary results.
In the two dimensional setting, we can apply Green’s Theorem to obtain a set of quadratic
representations of a given integral inequality. Then, the positivity of the surface integral
can be analyzed by checking the positivity of the matrices in the quadratic representations.
In [127], we detailed the method for unit square domains. Other domain topologies, e.g.

the unit circle, are also worth studying. In addition, the extension to higher dimensions,
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say three spatial dimensions, can be made by applying Stokes’ Theorem.

In this dissertation, the function bases we selected were polynomials. This choice made
it possible to derive SOS programs to verify integral inequalities. However, this choice may
not be the best. In the time-delay systems literature, the Legendre basis functions were used
in [[107] to formulate LMI conditions for the stability tests of distributed time-delay sys-
tems using a complete Lyapunov-Krasovskii functional. In the context of PDEs, in [36], the
authors propose an SDP-based method based on the Legendre basis functions to optimize a
linear objective function subject to a quadratic integral inequality. The method has shown
to be effective in handling PDE analysis problems [34} 35]]. These contributions raise the
question of whether exploiting other sequences of orthogonal functions such as trigono-
metric functions, Bernstein, Chebyshev or Laguerre polynomials would potentially lead to
more efficient computational tools. In this regard, the case of Chebyshev polynomials is
particularly interesting due to their convergence properties for function approximation [[17]],
e.g. in spectral methods [122].

In terms of dissipation inequalities, more complicated interconnections can be consid-
ered. Furthermore, optimal controller synthesis algorithms for PDEs can be studied, where
both in-domain and boundary actuation can be considered. In this regard, controller syn-
thesis methods for PDEs based on convex optimization were recently proposed in [9, 38].

In particular, [38] considers the following Lyapunov functional structure

V) = /0 M) do + /O 1 /0 () K (. Cult, ¢) dadC,

where

K1<37,C) CS X,
K(z,¢) =
Ky(z, () (>«

with polynomials M : (0,1) — R, K; : (0,1)> - Rand K5 : (0,1)> — R. Such K is

referred to as a semi-separable kernel. The latter structure has been shown to be efficacious
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in designing stabilizing controllers for linear PDEs. Yet, the extension to nonlinear PDEs
is still an open problem.

In terms of barrier functionals, prospective research can consider bounding functionals
of the states of nonlinear stochastic differential equations (SDEs). A preliminary result in
this direction has been accepted for presentation at the 55th IEEE Conference on Decision
and Control [[1]], where a method for safety verification of backward-in-time PDE:s is devel-
oped and used to bound state functionals of SDEs thanks to the Feynman-Kac PDE. This
method also has direct applications to optimal control of stochastic systems, wherein the
Hamilton-Jacobi-Bellman equation can be used.

In the case of applications to fluid mechanics, an interesting problem for future research
is identifying the regions of attraction for different flow configurations. For example, in the
case of Taylor-Couette flow, after decomposing the Navier-Stokes equation about different
flow regimes, one can search for estimates of the region of attraction inside which each
flow regime is stable.

In addition, input-output amplification mechanisms of turbulent flows is also an intrigu-
ing prospective research direction. In this regard, [29, 98] consider a non-polynomial model
for turbulent mean velocity profiles and turbulent eddy viscosities. Polynomial approxima-
tions (of high degrees) of such nonlinear models fit the formulation given in Chapter [6]
Then, the method discussed in Chapter[6|can be used to study the input-output properties.

Lastly, more general Lyapunov/storage functional structures can be considered. More
specifically, given the nonlinear dynamics of the Navier-Stokes equations, one can consider

the following class of Lyapunov/storage functionals

!/

V(u):/Q “1Toll a

u? u?

However, a convex formulation using the above structure is not clear at the moment.
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A SO

! This book has come to an end, but much still remains of what it aims to tell / For even in one hundred

books, one cannot describe the state of he who is athirst [for knowledge] — Sa’di
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Appendix A

Well-posedness of PDEs

In this dissertation, we consider the following (abstract) differential equations

ou=Fu+%9d,t>0,
(A.1)

u(0) = ug € Uy C Dom(.F),

where .# and ¢ are operators. To see how this abstract representation can be used to

analyze PDEs, let us go through the following example.

Example A.0.1 Consider a heated metal bar of unit length, in which the two ends of the
bar are insulated so that there is no heat flux. The heat distribution over the rod is described

by the following PDE

(

owu(t,z) = Pu(t,x) +d(t,z) t>0, ze€Q=(0,1)

u(0,z) = up(x), (A.2)

dyu(t,0) = dyu(t, 1) = 0.

\

where u(t, x) denotes the temperature at position x and time t, uo(x) the initial temperature
distribution, and d(t,x) the heat source. In order to use the abstract form (A1), we take

U = L*(Q) as the state space and the trajectory segment u(t,-) = {u(t,z), v € Q} as the
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state. Now it suffices to define

Fh=0h, (A3)
Gh = h, (A4)

Dom(F) = {h € £L(Q) | h € H*(Q) and 9,h(0) = d,h(1) = 0} (A.5)

and ug € L2(2) as the initial condition.

A.1 Linear PDEs

In the case when .# and ¢ are linear operators, the well-posedness problem of (A.T)) is tied
to I being the generator of a strongly continuous semigroup denoted C°-Semigroup [26),

Chapter 2.1]. Let £(U/) be the space of bounded linear map on a Hilbert space U.

Definition A.1.1 (C°-Semigroup) A C°-semigroup is an operator valued function T (t)

from R to £(U) that satisfies the following properties

o T'(t+1r)=T(t)T(r), Vt,s € Rx,

o lim; o+ HT(t)UO — UQH — 0, Yug € U.

Another important concept that we need in order to define the solutions to (A.1) is the

infinitesimal generator.

Let X and Y be two normed vector spaces. The operator .# : X — ) is a bounded linear operator, if
there exists some M > 0 such that forallv € X

|-Zvlly < M|v| x.

The smallest such M is called the operator norm of .&.
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Definition A.1.2 (Infinitesimal Generator) The infinitesimal generator F of a C°-semigroup
on a Hilbert space U is defined by
T(t)u —
Fu =l T
t—0+ t

In principle, the above definition gives a way of calculating the infinitesimal generator

of a C°-semigroup, but this is rarely used as it is rather difficult to apply.

Example A.1.3 (Linear Systems) Let A € £(R"*"), e.g. the matrix A € R"*" and con-

sider the following well-known C°-semigroup for linear systems

Then, the infinitesimal generator of T'(t) is described as
Fu = Au.

Although in the above example finding the infinitesimal generator seems trivial to ob-
tain, such characterization is not straightforward in general. In this respect, the Hille- Yosida
theorem [[114, Theorem 3.4.1], [26, Theorem 2.1.12] provides necessary and sufficient con-
ditions for such generators. To state the latter theorem, we need the resolvent operator,
R\, F) = (\F — F)~! with . denoting the identity operator, of the infinitesimal gener-
ator .Z of a CY-semigroup. Lemma 2.1.11 in [26] demonstrates that R(), F) is indeed the

Laplace transform of the semigroup 7(t).

Theorem A.1.4 (Hille-Yosida Theorem) A necessary and sufficient condition for a closed,
densely defined, linear operator .7 on a Hilbert space U to be the infinitesimal generator

of a CY-semigroup is that there exist real numbers M and w, such that for all real o > w,
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a € p(F), the resolvent set of %, and

M
"< —Vr>1
| (Rl #)) || € o W2 L
In this case,
1)) < Me.

The Hille-Yosida Theorem concedes that every C°-semigroup satisfies ||7°(¢)|| < Me™*
for some M and w. The reader may have noted that in the case when w < 0, .% is
the infinitesimal generator of an exponentially stable semigroup 7'(¢). Another special
and important case is when M = 1 (quasicontraction semigroup). Then, the semigroup

e Wt (t) satisfies | T(¢)|| < 1. Such semigroups are called contraction semigroups.

Definition A.1.5 (Contraction Semigroup) 7(t) is a contraction semigroup if it is a C°-

semigroup that satisfies an estimate ||T(t)|| < 1 forallt > 0.

In addition, the Lumer-Phillips theorem [114), Theorem 3.4.5],[69],[125, Theorem 3.8.6]
presents conditions for the generator of a strongly continuous contraction semigroup that
are easier to verify based on checking whether the operator is dissipative.

The next result gives sufficient conditions that resemble Lyapunov inequalities and can
be used to show that the generator of a contraction semigroup exits or, in other words, that

the operator is dissipative (when w = 0).

Corollary A.1.6 Sufficient conditions for a closed, densely defined operator on a Hilbert

space to be the infinitesimal generator of a C°-semigroup satisfying | T ()| < et are:

Re (Fu,u) < w|ul|?, u € Dom(F),

Re (F*u,u) < w||u||?, v € Dom(Fx),

where Re(-) denotes the real part.
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Let us illustrate this by an example.

Example A.1.7 Let U = H*(Q; R) for an open and connected domain Q2 C R™ and let
F = A, the Laplace operator, defined on the dense subspace of compactly supported

smooth functions on ). Then, using integration by parts,

(u, Au) = /Qu(a:)Au(x) dr = —/Q ‘Vu(m)|2 dr = —||Vu||2£2(Q;R) <0,

so the Laplacian is a dissipative operator.

Theorem 2.1.10 in [26]] states that if an infinitesimal generator .% exists for a C°-semigroup
T(t), then the uncontrolled (d = 0) version of our system (A.I)) has a solution with the

properties of a dynamical system.

Theorem A.1.8 Let T'(t) be a C°-semigroup on a Hilbert space U with infinitesimal gen-

erator % . Then, the following hold

Forug € Dom(F), T(t)ug € Dom(.F), ¥t > 0,

e 0, (T(t)yug) = FT(t)ug = T(t)Fug forug € Dom(.F), t > 0,
o u(t) = T(t)ug = up + [, T(t)Fug dt for Dom(F),

e 7 is a closed linear operator.

Next, we present the first definition for a solution to (A.I]). Subsequently, we will see

that such solutions exist, if an infinitesimal generator exits. Let z = ¢d.

Definition A.1.9 (Classical Solution, Definition 3.1.1 in [26]]) Consider equation on
the Hilbert space U. Let z € C' ([0, r];U). The function u(t) is a classical solution of (A1)
on [0,r] if u(t) € C*([0,r];U), u(t) € Dom(F) forall t € [0, r] and u(t) satisfies
forall t € [0,r]. The function u(t) is a classical solution on R, if u(t) is a classical

solution on [0, 7] for every r € Rx,.
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Theorem A.1.10 (Theorem 3.1.3 in [26]) If.Z is the infinitesimal generator of a C°-semigroup

T(t) on a Hilbert space U, z € C* ([0, T|;U) and ug € Dom(F), then
t
u(t) = T(t)ug +/ T(t—s)z(s) ds (A.6)
0

is continuously differentiable on [0, T] and it is the unique classical solution of (A.T).

For control applications, in general, we do not wish to assume that v € C'([0, r];U).

So we introduce the following weaker concept of a solution of (A.T).

Definition A.1.11 (Mild Solution, Definition 3.1.4 in [26]) Ifu € LP([0,r|;U) forap >
1 and uy € U, then we call a mild solution of (A1) on [0, r].

It can be shown that a weak solution is continuous on the domain [0, r|. In fact, this

mild solution is the same as the concept of a weak solutionE]used in the study of PDEs.

Theorem A.1.12 (Theorem 3.1.7 in [26]) For every ug € U and every z € LP([0,7);U)

there exists a unique weak solution of (A1) that is the mild solution of (A.).

A.2 Nonlinear PDEs

Set¥ = 0. If .7 is a nonlinear dissipative operator, [72, Chapter 4] describes the conditions

for which .# generates a semigroup of contractions.

Definition A.2.1 A nonlinear semi-group on a compact normed space U is a family of

maps {T'(t) |U — U, t > to} such that

2For z € LP([0,7);U) forap > 1. We call u a weak solution of (A1) on [0, ), if the following holds:
e w(t) is continuous on [0, ],

e Forall g € C([0,7];U),
/ "), (1)) dt + / " (0), 5(8) dt + (up, 5(0)) = 0,
0 0

where s(t) = — [/ T*(r — t)g(r) dr, where T* is the adjoint of the operator 7".

We call u a weak solution of (A.T) on R>y, if it is a weak solution on [0, ) for every r > 0.
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e foreacht > to, T(t) is continuous from U to U,
e for each u € U, the mapping t — T(t)u is continuous,
o T(0) is the identity on U,

o T()(T(1T)u) =T(t+ T)uforallu € U and all t,7 > 0.

Theorem A.2.2 (Theorem 4.2. in [72]) Let ¥ be a dissipative operator that satisfies the
following condition

Dom (%) C Ran(¥ — \ZF), VYA>0, (A7)

where Ran(</) = | ) & u denotes the range of the operator <, then there is a

u€Domy(«

semigroup of contractions {T'(t), t > 0} on Dom(.F) that satisfies

1) for everyw € RN Dom(%), where R = Ny=oR(I — \F),

T(t)u = lim (S — AF) xu, t >0,

A0+
where convergence is uniform on bounded some intervals of Rx,.
) || T(t)u —T(s)u| < ||Full|lt —s|, ue Dom(F), t,s > 0.
At this point, we are ready to state a wellposedness result for nonlinear semigroups.

Theorem A.2.3 (Theorem 4.10. in [72]) Let .7 be a closed dissipative operator satisfy-
ing (A7) and let {T(t), t > 0} be a semigroup of contractions on Dom(F) as in Theo-
rem and let u € Dom(.F). If T (t)u is differentiable a.e. t > 0, then T'(t)u : R>¢ —

U is a unique solution to (A.).
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Appendix B

Converting Functionals to The Full

Integral Form

In this appendix, we describe methods to convert functionals defined over subsets of the

domain into the full integral form.

B.1 Boundaries

Consider functional (5.13) with hy = 0, hy € C[z] and z € {0, 1}, i.e.
y(t) = h(t,0, D%(t,0)), xo € ON. (B.1)
For some p € C'(Q) satisfying p(1) = 0, we obtain
1
p(O)A (4.0, D°u(t,0)) =~ [ 2,(ph) do. (B.2)
0
Therefore,

y(t) = h(t,0,D%(t,0)) = 1%(})/0 ((Oup)h + p(9:1)) da. (B.3)
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In addition, if the functional is defined on the boundary = = 1, assuming p(0) = 0, we

obtain

y(t) = h(t,1, D%t 1)) = ]%/0 ((Oup)h + p(9:1)) da. (B.4)

Notice that, by fixing the values of p(0) and p(1) in (B.3) and (B.4)), respectively, we can
use equations (B.3) and (B.4) to study functionals evaluated at the boundaries using integral

inequalities in the full integral form.

B.2 Single Points Inside the Domain

At this point, consider functional (5.15)) with hy = 0, i.e.
y(t) = h (t,z0, Du(t, zy)) , mp € . (B.5)

We split the domain into two subsets 2 = (0, x¢] and 2 = [z0, 1). Then, PDE (5.10) can

be represented by the following coupled PDEs

F(t,z, D*u), z €y
atu =

F(t,z,D%u), x €

subject to D*1u(t, xg) = D* tu(t, 7o) and (3.12)). Using appropriate change of variables,

we obtain

Oy = Fi(t,x, D*uy), x €

8,5U2 = FQ(t,ZE,DaUQ), x €
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subject to —= D 1y (¢, 1) = ~— D luy(t,0)'|and
§
T 360)

mal—l Da_lUQ(t, 1)
B| % =0,
L Do‘_lul(t, 0)

where B is as in (5.12), Fi = F(t,z, 5 D%u), and F, = F(t,x, —~5D%u,). Then,
zg (1 xo)ﬁ

functional can be changed to either of the following

1
y(t) = h (t,xo, —BDﬂul(t, 1)) ,

Lo

o) = h(t,xo,mDﬁm(t,O)),

and the method proposed for points at the boundaries described in previous subsection [B.1

B.3 Subsets Inside the Domain

Consider functional (5.15]) with g; = 0, i.e.

y(t) = / g (t,x, Du(t,z)) dur, (B.6)
Q

where () = (x1,22) C €. Similar to the previous section, we split the domain into three
subsets € = (0, z1], Q3 = [21,22), and Q3 = [z2,1). Then, PDE (5.10) can be rewritten

as
p

F(t,x, D), x €

du= q F(t,z, D), x €y

F(t,x, D), x € Qs,
(

! To simplify the notation, we define

/
1 _ 1 1 _
T D b= (u, —0,u,..., G TR I
a— a—1~T
0 Zo 0
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subject to D tu(t, z1) = D tu(t, z1), D tu(t, x5) = D> tu(t, x5), and (5.12). With

appropriate change of variables, we have

Oy = Fi(t,x, D*uy), x €

8tu2 = Fg(t,l’, DaUQ), T € Q

Owus = F3(t,x, D*us3), x €

\
subject to (M)%D“_lul(t, 1) = WD“‘lug(t,O) and

L D2 luy(t,0) in addition to

WD“—luz(t, 1) =

1 a—1
B WD Ug(t, 1) _ 07

;D"‘_lul (t, O)

(xl)a—l

where B is the same matrix as the one in (5.12)),

1 1
F, = F(t,, —ﬁDﬁul), Fy=F(t,,

Ty

DB
<.§C2 _ 1}1)6 'UQ),

and Fy = F(t, 2, =5 D"us). Finally, functional (B.6) can be converted to the following

full integral form which is suitable for the integral inequalities

y() = (22 — 21) /0 g (t,x,mp%(t,x)) d.
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Appendix C

Details of Numerical Experiments for

Flow Structures

In the following, we describe the details of the numerical experiments carried out to obtain
the flow structures for the plane Couette flow and the plane Poiseuille flow. We begin by
describing the linearized Navier-Stokes equation and its corresponding discretization [37].

The non-dimensional linearized Navier-Stokes equations governing the evolution of
disturbances in steady mean flow with streamwise velocity varying only in the cross-stream

direction are

(0 + Ud,) Av — 8§U&Ev = éAAU,
(C.D

(0 +U0y)n+ 0,U0,v = éAn,
where U (y) is the mean streamwise velocity component, v is the cross-section perturbation
velocity, 7 := 0,u — 0,w, the cross-stream component of perturbation vorticity (z denotes
the spanwise direction). Velocity has been non-dimensionalized by Uy, the maximum ve-
locity in the channel; length has been non-dimensionalized by L, the width of the channel.
The Reynolds number is defined as Re := %, where v is the kinematic viscosity. Consid-
ering no-slip boundary conditions at y = +1, we have v = d,v = n = 0 at y = %1. Recall

that for the plane Couette flow U = 3, and for the plane Poiseuille flow U = 1 — ¢
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Consider a single Fourier component

_ a ikgatik
v o= petEtTEE (C.2)

n = ﬁeikzIEJrikzZ' (C3)

Physical variables being identified with the real part of these complex form. The field

equations can be written in the compact form

<z 0
O = ; (C4)
¢ 7

>
>

>
>

in which the Orr-Sommerfield operator .Z, the Square operator ., and the coupling oper-

ator € are defined as

AA
¥ = A1 (—ikaA + ik, 02U + —) : (C.5)
Re
A
S = —ik, U+ —, (C.6)
Re
¢ = —ikd,U, (C.7)
with K2 = k2 + k:f/ and A = (‘35 — K?. Moreover, we have
. —1 . .
U = 7l (kyn — ky0,0) , (C.8)
. { . .
W = 7l (kun) + ky0y0) . (C.9

For numerical simulations of the Orr-Somerfield equation (C.1J), we consider its discrete

equivalent for an N-level discretization (over space)

C=101 -+ Oy 1 o0 Ao
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and the initial value problem (C.T)) can be rewritten as
(=, (C.10)

in which the linear dynamical operator, .27, is the discretized form of [‘g Eg,]. This means
that the infinite dimensional dynamical system (C.I)), is approximated as a finite dimen-
sional dynamical systems.

The discretized operator .7 was calculated using the codes available in the Appendix A
of [105] using Chebyshev discretization. For both flows, we considered N = 50. Then,
the state-space form is a linear system that has to be studied. In the following, we
obtain LMI conditions to check ISS of a linear system.

Now, consider the following linear dynamical system
(=oC+Bd, t>0, (C.11)

where ¢(0) = (o, ¢ € R?M, d € R?N and B = Iyyyxon. This is the perturbed version of
the discrete system (C.10). We are interested in studying the ISS of (C.10). That is, given

d € L, we have the following inequality for all ¢, € R*Y

Il < Bt 116oll) + o (e, ) ¢ >0 (C.12)

(0,t)

where € KL, 0 € K and ||((t)||2 is the Euclidean 2-norm, i.e.,

¢tz = V¢

Theorem C.0.1 Consider system (C.11). If there exists an ISS-Lyapunov function V (()

and a positive semidefinite function S, ¢y, cy € K, and a positive scalar ) satisfying

c1(lIcll2) < VI(Q) < ea(lIC]2), (C.13)
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and

V() < —yV(¢) + 5(d), (C.14)
then solutions of (CI1) satisfy estimate (C12) with B(-) = ¢;' (2¢7¥'¢s(+)) and o(-) =
o7t (%sp)).

Proof: Multiplying both sides of (C.14) by e¥*, gives
"0,V (C) < —e?" YV (C) + €' S(d)

which implies 4 (e¥'V(¢)) < e¥'S(d). Integrating both sides of the latter inequality from

0 to ¢t yields

eV (C() =V (¢) < / t e¥"S(d(r)) dr < ( /0 t e?t dT) (Sup S(d(T))> :

0 T€[0,t)
where, in the last inequality, we applied the Holder inequality. Then,

Wt

V() - V(G) < («awtw— 1) (Sup s<d<7>>> << sup S(d(r)).

T€[0,t) T7€[0,t)

Dividing both sides of the last inequality above by the non-zero term e¢¥* and re-arranging
the terms gives

V(C(H) < e *V(G) + ~ sup S (d(r)).

T€[0,t)

Applying the bounds in (C.13)), we obtain

cr(lI¢llz) < e ea(lloll2) +% sup S (d(7)) .
T€[0,t)

Since ¢; € I, its inverse exists and belongs to K. Thus,

1
I€lle < e (e‘%(llcollz) + 5 s S(d<f))> ,
T€[0,t)
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which can be further modified to

T€[0,t)

Icllz < e (267 ea((IGoll2)) + 1t (% sup S(d(T))> :

Noting that S is positive semidefinite, we have

2
Il " (e~ exlole) + i (55 (I, ) )

O
The following corollary gives sufficient conditions based on linear matrix inequalities

to check the conditions of Theorem

Corollary C.0.2 Consider system (C.11). If there exist symmetric matrices P and S, and
a positive scalar 1 such that

P>0,5>0 (C.15)

and
A'P+ Pof +¢yP B'P
<0, (C.16)
PB —-S

=

then the solutions to (C.11) satisfy (C.12) with for 5(-) = (%e‘wt()) * and o(-) =
Dt (S) 1) 2
<wﬂnf(P)(')> '

Proof: This is a result of applying Theorem by considering V' ({) = ('P¢ and
S(d) = d'Sd. O

In order to the find the maximum ISS amplification, we solve the following optimization
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problem

minimizep s (A1 — A2)
subject to

S < MI, P> )\, (CI3), and (C.16). (C.17)

1
Then, the system satisfies inequality (C.12) with 3(-) = (2&;\;2(13)6—1%(.)) *and o(-) =

1 1
<% ()) * . The upper-bound on the maximum ISS amplification is thus <% ()) *. For the
wave numbers that correspond to the maximum ISS amplification, we obtain the direction
in which maximum amplification is attained. To this end, we carry out a singular-value

decomposition of P (since P is symmetric the singular values and eigenvalues coincide)

and we obtain the eigenvector in .27 that corresponds to the maximum singular value.
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Appendix D

Induced L[QO o) o-horms for the

Linearized 2D/3C Model

In [58]], the authors calculated componentwise H°°-norms for the linearized 2D/3C model

by finding the maximum singular values. This result is described as follows.

Theorem D.0.1 (Thoerem 11, p. 93 in [58]) For any streamwise constant channel flows
with nominal velocity U (y), the H* norms of operators H.,s(w, k., Re) that maps d into

up, {r =x,y,2; s =x,y, 2}, are given by

| Haelloo (F2) HHmyHOO(kZ) [ Haz oo (K2) hea (k) Re ha:y(kZ)R€2 hIZ(kZ>R62

||Hyw||00(kz) HHyy”OO(kZ) HHyZHOO(kz) - 0 hyy(k2>R€ hyZ(kz)Re )
[ H /00 (K2) HszHOO(kZ) [ H oo (K2) 0 hzy<kZ)Re h..(k.)Re
(D.1)

where k., represent the wavenumber in x, (spanwise direction).

We are interested in studying the induced £2-norms from inputs d,,d,,d, to u =

(Ug, Uy, u,)'. The following corollary provides the induced norms of interest.

Corollary D.0.2 For any streamwise constant channel flows with nominal velocity U (y),
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we have

Proof:

luallez

e,

luzllez,

Thus, we have

[ ]| ¢

oty

lusles,

lullze )
T = Ak)Re,
v [’[20,00),9
lullze , ,
W = fg(kz)Re + gg(kz)Re ,
Y £[20,oo),§2
lullze , \
W = fg(k/’z>R€ + gg(k‘z)Re .
z 'C'[z(),oo),ﬂ

From (D.I)), we infer that

2

[0,00),02

00),Q2

)82

how(k)Re  hay(k)Re?  hy(k.)Re* | |||d||z2

[0,00),©2
— 0 hyy(kfz)Re hyz(kz)Re ||dy||‘c[20,oo),9
0 hzy(kz')Re hzz(kz)Re ||dz|‘£[20,oo)79

hm(kZ>R€deH£[20 + hwy(kZ)R(fQde”[:[?O

,00),82 ,00),82

By (ko) Reldylcy, | + hye(ko) Reld s,
hey(ko) Reldyll s+ hee()Relldellcs,
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(D.2)

(D.3)

(D4)

(D.5)

+ hx2<kZ)R€2 - HL[QQ )

00),Q2

(D.6)



lluzll 22

[0,00),2
Then, multiplying both sides of the above equality by the transpose of vector H“yuﬁfo,oo),g
||u2||£[20700)7Q
gives
/

HUZEHE[QOYOO%Q HUIHE[QO,OO),Q

||7~Ly||ﬁ[20700)’Q ||uy||£[20,oo),ﬂ

|| IIL[ZO,OO),Q . ||z:f0,oo),ﬂ

hoa(ko)Relldsll o+ hay (k) RNyl + haa (k) Rl s,
B g () Relldyll g, + hye(ke) Relldellez,

(kDR s+ hes (k) Rel s,

,00),82 ,Q
,Q

,Q
(k) Reldyllcs, |+ hoy (k) RE?]|d,

hyz,/(k’Z)RedeHE[QO’oo

+ ok R

,00),Q2 ,00),82 ,00),Q2

ot hy(k) Relldlz2 . (D7)

), Q2

hey (ko) Reldy s,

o + hzz(kZ)ReHdZHL[QOm)

)s Q

That is,
2
”u”%,oo),g
< 2 2 2 o
|u:v”c[20’oo)’Q + Huyuﬁﬁ),w),n + ||u2||5[20,00)’Q

2
— (hee(k)Relldalcs, )+ hey (R R dylls |+ hae(R) R el )

)s )s

2
+ (o) Relldylics, .+ (k) RelldlL ez, _ )

,Q2

2
+ (heg (k) Reldyll s, )+ hee(k)Rell iz ) (D)

In order to see the influence of each d,, on ||u||%, , we set d, = d, = 0 obtaining
[0,00),2

Hu”iﬁ)m = him(kZ)Re2||dxHime)

),Q2 Q2
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It suffices to set fi(k.) = h2_ (k.). Similarly, we have

lulZ = B2k Re 2+ (2, k) + B2, (k2) Re*ldy 2

)
[0,00),22

2
lul:

= 2. (k)R N2+ (W2 (k) + B2(k) RPNl

) Q

wherein fy(k.) = h2,(k.) + h2,(k.), ga(k.) = h2, (k). fo(k.) = h2,(k.) + B2, (k.) and
gakz) = B2 (k). 0
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